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Newtonian Gravity

• Free-falling frames: Galilean symmetries

• Earth-based frame: Newton potential

• no frame-independent formulation
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Geometry

Riemann (1867)

for a frame-independent formulation you need geometry
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Einstein 1915

Einstein achieved two things in 1915:

• He made gravity consistent with special relativity

• He used a frame-independent formulation
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General Relativity

• Free-falling frames: Poincare symmetries

• arbitrary frames: metric tensor field
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Newton-Cartan Gravity

Elie Cartan 1923

• Newton-Cartan (NC) gravity is Newtonian gravity in arbitrary frame

• NC gravity contains more gravitational fields than Newton potential

• Newtonian gravity is re-obtained by gauge-fixing
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Newton-Cartan Geometry

NC geometry is foliated with an absolute time
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why non-relativistic gravity ?
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The Holographic Principle

Gravity in Lifshitz spacetime gives rise to boundary field theory coupled

to NC gravity with twistless torsion
Christensen, Hartong, Kiritsis, Obers and Rollier (2013-2015)
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Condensed Matter Physics

Effective Field Theory (EFT) coupled to NC gravity ⇒ universal features

Examples: fractional quantum Hall effect, chiral superfluids, simple fluids

compare to

Coriolis force

Son (2005, 2012), Can, Laskin, Wiegmann (2014), Jensen (2014), Gromov, Abanov (2015)
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Einstein Gravity

In the relativistic case free-falling frames are connected by the

Poincare symmetries:

• space-time translations : δxµ = ξµ

• Lorentz transformations : δxµ = λµ
ν x

ν

in arbitrary frames the gravitational force is described by an

invertable Vierbein field eµ
A(x)

µ = 0, 1, 2, 3; A=0,1,2,3
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Non-relativistic Gravity

In the non-relativistic case free-falling frames are connected by the

Galilean symmetries:

• time translations : δt = ξ0

• space translations : δx i = ξi i = 1, 2, 3

• spatial rotations : δx i = λi
j x

j

• Galilean boosts : δx i = λi t
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Newtonian gravity versus Newton-Cartan gravity

• in frames with constant acceleration w.r.t. free-falling frame the

gravitational force is described by the Newton potential Φ(~x) →

Newtonian gravity

• in arbitrary frames the gravitational force is described by a temporal

Vierbein τµ(x), spatial Vierbein eµ
a(x) plus a vector mµ(x) →

µ = 0, 1, 2, 3; a=1,2,3

Newton-Cartan (NC) gravity
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Relativistic versus Non-relativistic Particle

Srelativistic = −m

∫

dτ
√

−ηµν ẋµẋν µ = 0, 1, 2, 3

Lagrangian is invariant under Poincare symmetries

Snon-relativistic =
m

2

∫

ẋ i ẋ jδij
ṫ

dτ i = 1, 2, 3

Lagrangian is not invariant under Galilean boosts:

δL non-relativistic =
d

dτ
(mx iλj δij) ⇒

modified Noether charge gives rise to central extension!
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‘Gauging’ the Bargmann algebra

Andringa, Panda, de Roo + E.B. (2011)

[Jab,Pc ] = −2δc[aPb] , [Jab,Gc ] = −2δc[aGb] ,

[Ga,H ] = −Pa , [Ga,Pb] = −δabZ , a = 1, 2, . . . , d

symmetry generators gauge field curvatures

time translations H τµ Rµν(H)

space translations Pa eµ
a Rµν

a(P)

Galilean boosts G a ωµ
a Rµν

a(G)

spatial rotations Jab ωµ
ab Rµν

ab(J)

central charge transf. Z mµ Rµν(Z )
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Imposing Constraints

Rµν
a(P) = 0 , Rµν(Z ) = 0 : solve for spin-connection fields

Rµν(H) = ∂[µτν] = 0 → τµ = ∂µ τ : absolute time (‘zero torsion’)

Rµν
ab(J) 6= 0 : un-constrained off-shell

R0(a,b)(G ) 6= 0 : un-constrained off-shell
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The Transformation Rules

The independent NC fields {τµ, eµa,mµ} transform as follows:

δτµ = 0 ,

δeµ
a = λa

b eµ
b + λaτµ ,

δmµ = ∂µσ + λa eµ
a

The spin-connection fields ωµ
ab and ωµ

a are functions of e, τ and m
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from general frames back to special frames

free-falling frames: τµ = δt
µ
, et

a = 0, ei
a = δai , mµ = 0

⇓
Non-relativistic Killing equations

∂µξ
t = 0 , ∂tξ

i + λi = 0 ,

∂iξ
j + λj

i = 0 , ∂tσ = 0 , ∂iσ + λi = 0

⇓
Galilean Symmetries

ξt(xµ) = ζ , ξi(xµ) = ξi − λi t − λi
j x

j , σ(xµ) = σ − λi x i
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The NC Equations of Motion

The NC equations of motion are given by

τµeνaRµν
a(G) = 0 1

eνaRµν
ab(J) = 0 a + (ab)

• after gauge-fixing and assuming flat space the first NC
e.o.m. becomes △Φ = 0

• note: there is no action that gives rise to these equations of motion
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How do we add matter?

Jensen, Karch (2014), Fuini, Karch, Uhlemann (2015)

matter couplings (without torsion) from arbitrary contracting backgrounds

Rosseel, Zojer + E.B. (2015)

scalar + GR
‘limit’
=⇒ Schrödinger + NC

general frames ⇑ ⇓ free-falling frames

Klein-Gordon
?

=⇒ Schrödinger
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Inönü Wigner Contraction

[

PA,MBC

]

= 2 ηA[B PC ] ,
[

MAB ,MCD

]

= 4 η[A[C MD]B] plus Z

P0 =
1

2ω
H + ω Z , Z =

1

2ω
H − ω Z , A = (0, a)

Pa = Pa , Mab = Jab , Ma0 = ω Ga

Taking the limit ω → ∞ gives the Bargmann algebra including Z:

[

Pa,Gb

]

= δab Z
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‘Gaugings’, Contractions and Non-relativistic Limits

Poincare ⊗ U(1)
‘gauging’
=⇒ General relativity ⊗ U(1)

contraction ⇓ ⇓ non-relativistic limit

Bargmann
‘gauging’
=⇒ Newton-Cartan gravity
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The Non-relativistic Gravity Limit I

Dautcourt (1964)

add a vector field Mµ to general relativity with ∂[µMν] = 0

STEP I: express relativistic fields {Eµ
A,Mµ} in terms of non-relativistic

fields {τµ, eµa,mµ}

Eµ
0 = ω τµ +

1

2ω
mµ , Mµ = ω τµ − 1

2ω
mµ , Eµ

a = eµ
a ⇒

Eµ
a = eµa −

1

2ω2
τµeρamρ +O

(

ω−4
)

and similar for Eµ
0
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The Non-relativistic Gravity Limit II

STEP II: take the limit ω → ∞ ⇒

• the correct transformation rules are obtained

• the correct equations of motion are obtained (but no action!)

Note: the standard textbook limit gives Newton gravity
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From Klein-Gordon to Schrödinger I

we consider a complex scalar field with mass M
Lévy Leblond (1963,1967)

E−1Lrel = −1

2
gµν DµΦ

∗DνΦ− M2

2
Φ∗Φ with

DµΦ = ∂µΦ− iM MµΦ , δΦ = iM ΛΦ

• Mµ is not an electromagnetic field (M 6= q)!

• Mµ couples to the current that expresses conservation of

# particles – # antiparticles

• going to free-falling frames gives Klein-Gordon
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From Klein-Gordon to Schrödinger II

Take non-relativistic limit extended with M = ωm ,Φ =
√

ω

m
φ →

e−1LSchroedinger =
[ i

2

(

φ∗D̃0φ− φD̃0φ
∗

)

− 1

2m

∣

∣D̃aφ
∣

∣

2
]

with

D̃µφ = ∂µφ+ immµ φ , δφ = ξµ∂µφ− im σ φ

• mµ couples to the current that expresses conservation of # particles

• going to free-falling frames gives Schrödinger
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Non-AdS Holography

The simplest deviation from AdS is Lifshitz space-time:

Kachru, Liu, Mulligan (2008); Christensen, Hartong, Kiritsis, Obers and Rollier (2013-2015)

ds2 = −dt2

r2z
+

1

r2

(

d2 + d~x2
)

with z 6= 1 characterizing the anisotropic scaling

t → λz t and ~x → λ~x

• Towards the boundary (r → 0) the lightcone flattens out (z > 1) ⇒

Galilean lightcone at the boundary:
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The Relativistic Conformal Method
following Kaku, Townsend, van Nieuwenhuizen (1978)

Conformal = Poincare + D (dilatations) + Kµ (special conf. transf.)

conformal gravity ≡ gauging of conformal algebra

δbµ = Λa
K (x)eµ

a , fµ
a = fµ

a(e, ω, b)

Poincare invariant ⇔ CFT of real scalar
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Zipping a Poincare Invariant

e−1L =
1

κ2
R

STEP 1

(eµ
A)P = κ

2
D−2 ϕ (eµ

A)C

STEP 2

(eµ
A)C = δµ

A

make redefinition ϕ = φ
2

D−2 , D > 2 ⇒

CFT : L = 4 D−1
D−2 φ�φ
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Unzipping

CFT : L = 4 D−1
D−2 φ�φ

STEP 1 replace derivatives by conformal-covariant derivatives ⇒

e−1L = 4 D−1
D−2 φ�

Cφ

STEP 2 gauge-fix dilatations by imposing φ = 1
κ

⇒

e−1L =
1

κ2
R
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The Schrödinger Method

The contraction of the conformal Algebra is the Galilean Conformal

Algebra (GCA) which has no central extension !

z = 2 Schrödinger = Bargmann + D (dilatations) + K (special conf.)

[H ,D] = zH , [Pa,D] = Pa

z = 1 : conformal algebra , z 6= 2 : no special conf. transf.
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Schrödinger Gravity

Hartong, Rosseel + E.B. (2014)

Gauging the z = 2 Schrödinger algebra we find that the independent

gauge fields {τµ, eµa,mµ} transform as follows:

δτµ = 2ΛDτµ ,

δeµ
a = Λa

b eµ
b + Λaτµ + ΛDeµ

a ,

δmµ = ∂µσ + Λa eµ
a

The time projection τµbµ of bµ transforms under K as a a shift while the

spatial projection ba ≡ ea
µbµ is dependent: ba (e, τ) = ea

µτν∂[µτν]

this is the solution of ∂[µτν] − 2b[µτν] = 0 ⇒ (twistless) torsion!
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Unzipping Schrödinger

the Schrödinger field theory (SFT) for a complex scalar Ψ in d spatial

dimensions with weights (w = −d/2,M), i.e.

δΨ =
(

− d/2λD + iMσ
)

Ψ

is given by the Schrödinger action

SFT : S Schrödinger =

∫

dtddx Ψ⋆

(

i∂0 − 1
2M∂a∂a

)

Ψ

unzipping Schrödinger gives a Galilean invariant with inconsistent

E.O.M.’s
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The Schrödinger Method can also be applied to the NC equations of

motion that cannot be integrated to an action ⇒

NC Gravity with Twistless Torsion
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Case 1: zero torsion: ba = 0

foliation constraint : ∂µ(τν)
G − ∂ν(τµ)

G = 0 ,

E.O.M. : (τµ)G(eνa)
GRµν

a(G) = 0 ,

(eνa)
GRµν

ab(J) = 0

We first zip these NC equations to the following SFT with Ψ = ϕe iχ :

SFT : ∂0∂0ϕ = 0 and ∂aϕ = 0 with w = 1
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Case 2: twistless torsion: ba 6= 0

foliation constraint is conformal invariant → no zipping and no ∂aϕ = 0!

use the second compensating scalar χ to restore Schrödinger invariance:

SFT′ : ∂0∂0ϕ− 2

M
(∂0∂aϕ)∂aχ+

1

M2
(∂a∂bϕ)∂aχ∂bχ = 0

the unzipping of SFT′ leads to the following e.o.m. of NC gravity with
twistless torsion:

−△Φ+ τ̂µ∂µK + K abKab − 8Φ b · b − 2ΦD · b − 6 baDaΦ = 0

plus

eνaRµν
ab(J) = 0

Afshar, Mehra, Parekh, Rollier + E.B. (2015)
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Non-relativistic Limit of Einstein plus Scalar

S =

∫

dDx
√−g

{

1

κ2
R − 1

2
gµν DµΦ

∗DνΦ− M2

2
Φ∗Φ

}

⇒

Rµν = κ2

(

Tµν − 1

D − 2
gµνT

)

Taking the non-relativistic limit plus κ2 → κ2/ω4 gives

R0a
a(G) =

D − 3

D − 2
κ2ρ with ρ = mΦ∗Φ

D=4
=⇒

Rµb
b
a(J) = 0

△Φ = 4πGN ρ
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Extended Bargmann Symmetries
Papageorgiou, Schroers (2009); Rosseel + E.B., work in progress; Hartong, Lei, Obers, work in progress

Galilei
‘Mass’
=⇒ Bargmann

‘Spin’
=⇒ Extended Bargmann

Lévy-Leblond (1972), Jackiw, Nair (2000)

[JA,PB ] = −ǫABCP
C , [JA, JB ] = −ǫABCJ

C plus Z1 ,Z2

P0 =
1

2ω
H + ωM , J0 =

1

2
J + ω2S , Ja = ωGa ,

Z1 =
1

2ω
H − ωM , Z2 =

1

2
J − ω2S ω → ∞ ⇒

[H ,Ga] = −ǫabPb , [J,Ga] = −ǫabGb , [J,Pa] = −ǫabPb ,

[Ga,Pb] = ǫabM , [Ga,Gb] = ǫabS
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3D Non-Relativistic Limit

(JA,PB) = ηAB , (Z1,Z2) = 1 ⇒

S =
k

4π

∫

d3x
(

ǫµνρEµ
ARA

νρ(J) + 2ǫµνρZ1µ∂νZ2ρ

)

Eµ
0 = ωτµ +

1

2ω
mµ , Z1µ = ωτµ − 1

2ω
mµ

Ωµ
0 = ωµ +

1

2ω2
sµ , Z2µ = ωµ − 1

2ω2
sµ

Eµ
a = eµ

a , Ωµ
a =

1

ω
ωµ

a

plus k → kω
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3D Extended Bargmann Gravity

3D extended Bargmann has invariant, non-degenerate bilinear form:

< Ja,Pb >= δab , < M , J >= −1 , < H , S >= −1 ⇒

S =
k

4π

∫

d3x

(

ǫµνρeµ
aRνρ

a(G)− ǫµνρmµRνρ(J)− ǫµνρτµRνρ(S)

)

E.O.M.

ωµ, ωµ
a : Rµν

a(P) = 0 , Rµν(Z ) = 0 ,

eµ
a τµ ,mµ : Rµν

a(G) = 0 , Rµν(J) = 0 , Rµν(S) = 0 ,

sµ : Rµν(H) = ∂[µτν] = 0 : zero torsion
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Adding Matter and Comparing to Newton-Cartan

couple both theories to Klein-Gordon ⇒

Newton-Cartan

• R00 ∼ j0 ∼ ρ and all other Ricci-tensor components are zero

• in particular Rµν(J) = 0

3D Extended Bargmann

• R00 ∼ ta
a plus more equations

• in particular Rµν(J) 6= 0 → more general (torsionless)

backgrounds!
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Applications and Extensions

• relation to Hǒrava-Lifshitz gravity

Hartong and Obers (2015)

• duality with Carroll symmetry and relation to flat-space holography

Duval, Gibbons, Horvathy, Zhang (2014); Hartong (2015)

• 3D non-relativitic BMS?, warped CFT?

Hofman and Rollier (2014)

• 3D non-relativistic higher spins?
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Supersymmetry

(I) the supersymmetric extension of General Relativity was discovered

precisely 40 years ago but today there is no known supersymmetric

extension of the 4D Newton’s Poisson equation !
Freedman, Ferrara, van Nieuwenhuizen (1976)

• 3D Newton-Cartan supergravity

Andringa, Rosseel, Sezgin + E.B. (2013)

(II) (non-relativistic) supersymmetry allows to apply powerful

localization techniques to extract exact results

Pestun (2007); Festuccia, Seiberg (2011), Knodel, Lisbao, Liu (2015)

• 3D extended Bargmann supergravity

Rosseel + E.B., work in progress
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Applications to Condensed Matter Models!
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March 6-10, 2017: Save the Date!

Simons Workshop on Applied Newton-Cartan Geometry

organized by Gary Gibbons, Rob Leigh, Djordje Minic, Dam Thanh Son + E.B.
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