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Newtonian Gravity

e Free-falling frames: Galilean symmetries

e Earth-based frame: Newton potential

e no frame-independent formulation
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Geometry

Riemann (1867)

for a frame-independent formulation you need geometry
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Einstein 1915

Einstein achieved two things in 1915:

e He made gravity consistent with special relativity

e He used a frame-independent formulation
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General Relativity

o Free-falling frames: Poincare symmetries

e arbitrary frames: metric tensor field
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Newton-Cartan Gravity

Elie Cartan 1923

e Newton-Cartan (NC) gravity is Newtonian gravity in arbitrary frame
e NC gravity contains more gravitational fields than Newton potential

e Newtonian gravity is re-obtained by gauge-fixing
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The Holographic Principle

String Theory
~< gravity on AdS;

Quantum Fie
(no gravity) on R

Gravity in Lifshitz spacetime gives rise to boundary field theory coupled
to NC gravity with twistless torsion

Christensen, Hartong, Kiritsis, Obers and Rollier (2013-2015)
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Condensed Matter Physics

Effective Field Theory (EFT) coupled to NC gravity = universal features

Examples: fractional quantum Hall effect, chiral superfluids, simple fluids

compare to

Coriolis force

Son (2005, 2012), Can, Laskin, Wiegmann (2014), Jensen (2014), Gromov, Abanov (2015)
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Einstein Gravity

In the relativistic case free-falling frames are connected by the

Poincare symmetries:

e space-time translations: Oxt =g+

e |lorentz transformations: OxH = N, xV

in arbitrary frames the gravitational force is described by an

invertable Vierbein field e, (x)
1 =0,1,2,3; A=0,1,2,3
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Non-relativistic Gravity

In the non-relativistic case free-falling frames are connected by the

Galilean symmetries:

e time translations: ot = &0
e space translations: oxl =¢ i=1,2,3
e spatial rotations: Sx' = N jx

e Galilean boosts: Ox' = Nt
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Newtonian gravity versus Newton-Cartan gravity

e in frames with constant acceleration w.r.t. free-falling frame the

gravitational force is described by the Newton potential ®(x) —

Newtonian gravity

e in arbitrary frames the gravitational force is described by a temporal
Vierbein 7,(x), spatial Vierbein e,?(x) plus a vector m,(x) —

1 =0,1,2,3; a=12,3

Newton-Cartan (NC) gravity
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Relativistic versus Non-relativistic Particle

Srelativistic = _m/dT V _nlw).(#)'(l/ H = 07 1727 3

Lagrangian is invariant under Poincare symmetries

m [ X'xI6; .
Snon-relativistic = E / T’Jd’r 1= 1,27 3

Lagrangian is not invariant under Galilean boosts:
d ivj
oL non-relativistic — E(mx X 6!_1) =

modified Noether charge gives rise to central extension!
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‘Gauging’ the Bargmann algebra

Andringa, Panda, de Roo + E.B. (2011)

[ab, Pl = —20¢[aPs) » [Jab, Ge] = =205 Gyy

[Ga, H] = —P,, [Ga, Pp] = =022 , a=12,...,d
symmetry generators | gauge field | curvatures
time translations H Ty Ruv(H)
space translations p? e,? R..°(P)
Galilean boosts G? wy? R.u°(G)
spatial rotations Jab w, P R, (J)
central charge transf. z my, Ruv(Z)
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Imposing Constraints

Ruwi(P)=0, Ruw(Z)=0: solve for spin-connection fields

Ruw(H) =07 =0 — 7,=0,7 : absolute time (‘zero torsion")

Ru(J) #0 : un-constrained off-shell

Ro(a,p)(G) #0 : un-constrained off-shell
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The Transformation Rules

The independent NC fields {7, e, m,} transform as follows:

07, =0,
Se,° = Npe, + A7,

omy, = 0,0 + Ase,°

Future Directions

0000

The spin-connection fields w,#® and w,,? are functions of e, 7 and m
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from general frames back to special frames

t

free-falling frames: 7, =4},

e?=0, ¢%=4¢7, m, =0

4

Non-relativistic Killing equations

dutt =0, o+ N =0,
8;§j+)\j;=0, 0,0 =0, Oic+Xi=0
U

Galilean Symmetries

g =¢,  de)=¢-Nt=XN;x, o(x)=0-NX
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The NC Equations of Motion

The NC equations of motion are given by

e, Ru(G) = 0 1
e RuPJ) = 0 a + (ab)
e after gauge-fixing and assuming flat space the first NC
e.o.m. becomes A® =0

e note: there is no action that gives rise to these equations of motion
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How do we add matter?
Jensen, Karch (2014), Fuini, Karch, Uhlemann (2015)

matter couplings (without torsion) from arbitrary contracting backgrounds

Rosseel, Zojer 4+ E.B. (2015)

scalar + GR “limit Schrédinger + NC

general frames 1} | free-falling frames

Klein-Gordon == Schrédinger
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Inonu Wigner Contraction

[Pa,Mgc| =2na Py, [Mag, Mcp| = 4njaic Mpjgp  plus 2

1 1
P = —H  Z Z=—H-wZ A=
0 2w twe, 2w v (0,2)
P, = P, Map = Jap , Mao = w G,

Taking the limit w — oo gives the Bargmann algebra including Z:

[Pa7 Gb] =0apZ
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‘Gaugings’, Contractions and Non-relativistic Limits

Poincare @ U(1) e General relativity ® U(1)
contraction |} J non-relativistic limit
Bargmann R Newton-Cartan gravity
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The Non-relativistic Gravity Limit |

Dautcourt (1964)

add a vector field M, to general relativity with G[MMI/] =0

STEP |:  express relativistic fields {E/,A, M,,,} in terms of non-relativistic

fields {7/1,: e/l,a7 mll/}

0o_ _ a __ a
El" —CuT‘u—FZm#, MIL_WT/"_Zm:U” El‘ —e# =

1
Et,=¢e", — 52 e ,m, + O (w74) and similar for E*g
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The Non-relativistic Gravity Limit I

STEP II:  take the limit w — oo =

e the correct transformation rules are obtained

e the correct equations of motion are obtained (but no action!)

Note: the standard textbook limit gives Newton gravity

Future Directions
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From Klein-Gordon to Schrodinger |

we consider a complex scalar field with mass M
Lévy Leblond (1963,1967)

-1 1 g * M2 * .
E »Crel = _Eg DM(D qu> — T o*d  with

D,® =08, —iMM,o, 5O =iMA®

e M, is not an electromagnetic field (M # g)!

e M, couples to the current that expresses conservation of

# particles — # antiparticles

e going to free-falling frames gives Klein-Gordon
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From Klein-Gordon to Schrodinger |l

Take non-relativistic limit extended with M = wm, ® = \/%é —
-1 . _ i * M AP ARY) i M 2 .
€ »CSchroedmger - [2 (¢ DO¢ ¢DO¢ ) m ‘Da¢| :| with
Dy = 0up+imm, o, 3¢ = E"dup—imo ¢

e m, couples to the current that expresses conservation of # particles

e going to free-falling frames gives Schrodinger
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Non-AdS Holography

The simplest deviation from AdS is Lifshitz space-time:

Kachru, Liu, Mulligan (2008); Christensen, Hartong, Kiritsis, Obers and Rollier (2013-2015)

ds® = ——- + r%(cﬂ + dx?)
with z # 1 characterizing the anisotropic scaling
t—= Nt and X — AX
e Towards the boundary (r — 0) the lightcone flattens out (z > 1) =

Galilean lightcone at the boundary:

VvV v Il

¥ boundary
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The Relativistic Conformal Method

following Kaku, Townsend, van Nieuwenhuizen (1978)

Conformal = Poincare + D (dilatations) + K, (special conf. transf.)

conformal gravity = gauging of conformal algebra

0b, = Nic(x)e,”, f,° = f,%(e,w, b)

Poincare invariant < CFT of real scalar
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Zipping a Poincare Invariant

1
1,
L= =2 R
STEP 1
_2
(e.")" = wP=2 o (&)
STEP 2

make redefinition ¢ = (j)ﬁ , D>2 =

CFT: L=458=1¢0¢



Gauging Bargmann Adding Matter NC Gravity with Torsion 3D Extended Bargmann Gravity Future Directions

000000000 0000000 000@000000 00000 0000

Unzipping
CFT: L£L=458=1¢0¢
STEP 1 replace derivatives by conformal-covariant derivatives =
e 'L=48"190%
STEP 2 gauge-fix dilatations by imposing ¢ = £ =

1
—1p,
e E—FR
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The Schrodinger Method

The contraction of the conformal Algebra is the Galilean Conformal

Algebra (GCA) which has no central extension !

z = 2 Schrédinger = Bargmann + D (dilatations) + K (special conf.)
[H,D] = zH, [P, D] = P,

z =1: conformal algebra, z # 2 : no special conf. transf.
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Schrodinger Gravity
Hartong, Rosseel + E.B. (2014)

Gauging the z = 2 Schrodinger algebra we find that the independent

gauge fields {7,,, e,?, m,} transform as follows:

01, = 2N\pTy,
5e,” = Npe,” + N1, + Ape,?,

om, =00+ N e,°

The time projection 7/ b,, of b, transforms under K as a a shift while the

spatial projection b, = e, b, is dependent: b, (e, 7) = e, 70,7,

this is the solution of J,7,) — 2by,7,) =0 = (twistless) torsion!
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Unzipping Schrodinger

the Schrodinger field theory (SFT) for a complex scalar W in d spatial
dimensions with weights (w = —d/2, M), i.e.

SV = (—d/2Xp + iMo)W

is given by the Schrodinger action

SFT: S Senrodinger = / dtd?x W (i — 547050 ) ¥

unzipping Schrédinger gives a Galilean invariant with inconsistent
E.O.M.’s
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The Schrédinger Method can also be applied to the NC equations of

motion that cannot be integrated to an action =

NC Gravity with Twistless Torsion
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Case 1: zero torsion: b, =0

foliation constraint :  9,(7,)% — d,(1,)¢ = 0,

EOM. :  (7#)%(e".)%R,..%(G)
() °Ru(J) = 0

Il
o

We first zip these NC equations to the following SFT with W = pe'X:

SFT :  0g0op =0 and O,p=0 with w=1
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Case 2: twistless torsion: b, # 0

foliation constraint is conformal invariant — no zipping and no d,p = 0!

use the second compensating scalar x to restore Schrodinger invariance:

2
SET" : 9obop — M(aoaasa) X+ 15 (3 I p)DaxOpx =0

the unzipping of SF'T’ leads to the following e.o.m. of NC gravity with
twistless torsion:

— AP+ 9K+ K®PKop =8P b b—20D - b—6b"D,d =0

plus

e"2R.P(J) =0

Afshar, Mehra, Parekh, Rollier + E.B. (2015)
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Non-relativistic Limit of Einstein plus Scalar

2
S= /de\/ { R—§g“”D¢D¢’ M7¢*¢} =

1
R[l.l/ = 52 (T#V - mgﬂV T)

Taking the non-relativistic limit plus x° — x?/w* gives

D—
Ro?(G) = D_;/Q2p with  p=md*P
D=4
=
R a(J) = 0

A¢:47TGNp
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Extended Bargmann Symmetries

Papageorgiou, Schroers (2009); Rosseel + E.B., work in progress; Hartong, Lei, Obers, work in progress

‘Mass’

Galilei — Bargmann

Spin’
=24 Extended Bargmann

Lévy-Leblond (1972), Jackiw, Nair (2000)

[Ja, Ps] = —€agcPC,  [Ja,Jg]l = —€apcC plus 21,2,

1 1
Po==—H+wM, Jo==J+uw°S, Jo =wG,,
2w 2
1 1 5
Z =—H—-wM, Zy=-J—wS w—00 =
2w 2
[H7 Ga] = _eabe7 [J7 Ga] - —€abi, [J7 Pa] = _Gabe,

[Ga, Pp] = €apM, [Ga, Gb] = €abS
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3D Non-Relativistic Limit

(Ja, Pe) =148, (Z21,2) =1 =
k
S = ym / d3x (P EARD, () + 260 21,0, 25,

El=wr,+—m i, = WTy, — —m

Iz wt o M 2 w5 M
1

Q°=w,+—s 2o, =W, — —=S

iz w5 2%k " W

E?—¢? Qa_lwa

po= G o= Wk

plus k — kw
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3D Extended Bargmann Gravity

3D extended Bargmann has invariant, non-degenerate bilinear form:

<Jé,,:Db>:(5é,b7 </\//7J>:_1’ <H’S>:_1 =

k 17 a a 17 17
S= E/d:';x (e“ re,°R,,°(G) — e"Pm,R,,(J) — " pT#Ryp(5)>

E.O.M.
Wy wy R.?(P)=0, R.(Z)=0,
e 7,,m,:  RL(G)=0, R..(J)=0, R.(S)=0,

Sy Ruw(H) =01 =0 : zero torsion



Gauging Bargmann Adding Matter NC Gravity with Torsion 3D Extended Bargmann Gravity Future Directions

000000000 0000000 0000000000 [e]e]e]e] ] 0000

Adding Matter and Comparing to Newton-Cartan

couple both theories to Klein-Gordon =
Newton-Cartan
e Ry ~ j%~ pand all other Ricci-tensor components are zero

e in particular R, (J) =0

3D Extended Bargmann

® Ryg ~ t,? plus more equations

e in particular R,,,(J) # 0 — more general (torsionless)
backgrounds!
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Applications and Extensions

e relation to Hotava-Lifshitz gravity

Hartong and Obers (2015)

duality with Carroll symmetry and relation to flat-space holography

Duval, Gibbons, Horvathy, Zhang (2014); Hartong (2015)

3D non-relativitic BMS?, warped CFT?

Hofman and Rollier (2014)

3D non-relativistic higher spins?
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Supersymmetry

(I) the supersymmetric extension of General Relativity was discovered
precisely 40 years ago but today there is no known supersymmetric
extension of the 4D Newton's Poisson equation !
Freedman, Ferrara, van Nieuwenhuizen (1976)
e 3D Newton-Cartan supergravity

Andringa, Rosseel, Sezgin + E.B. (2013)

(I1) (non-relativistic) supersymmetry allows to apply powerful
localization techniques to extract exact results
Pestun (2007); Festuccia, Seiberg (2011), Knodel, Lisbao, Liu (2015)
e 3D extended Bargmann supergravity

Rosseel + E.B., work in progress
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March 6-10, 2017: Save the Date!

Simons Workshop on Applied Newton-Cartan Geometry

organized by Gary Gibbons, Rob Leigh, Djordje Minic, Dam Thanh Sen + E.B-
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