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Relativistic field theories in curved backgrounds

» There is a natural procedure to couple relativistic field theory
to a curved background

Ny — Guws Op =V,
» Consider, for example

5= / A X[ L0 9,00, 6 — 1mPe?]
- s= / Vgd' X[ 16" 0,60,6 — 1mP¢?]

> Why is this useful?
— Needed for theories with dynamical gravity

— Natural means to investigate the Weyl anomaly under
8uv — ezag;w
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Fixing the curvature coupiings

» But not all couplings are uniquely determined
5:/\/ngl‘x[—%g/“ja“(ﬁay(b—%m2¢2 ]

> In some cases, the couplings are fixed by additional
symmetries

— minimal versus conformal coupling
— comparison to string amplitudes (for effective string actions)
— invariance under supersymmetry

» Many powerful results for supersymmetric field theories in a
curved background

— Supersymmetric partition functions (5*) and Wilson loops
— The superconformal index (S3 x S?)

— Many supersymmetric observables can be computed using
localization
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Rigid supersymmetric backgrounds

» How do we put a supersymmetric field theory in a curved
background?
» Curved backgrounds are natural in supergravity theories
— But we do not want dynamical gravity

» Take supergravity coupled to matter, and then freeze out
gravity by taking My — oo
— Decouple the gravitino, but demand d¢, = 0
» This trick works best in an off-shell formalism with auxiliary
fields
— Gravitino variation does not include matter fields
— There is no need to specify the supergravity equations of
motion

[Festuccia and Seiberg, arXiv:1105.0689]
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Non-relativistic field theories and AdS/CMT

» Can we couple non-relativistic theories to a curved

background?

> Recent interest motivated by non-relativistic holography

Lifshitz: ds?

Schrodinger: ds? =

dft2 dx? + dr?

r2z r2
dt?>  2dtd¢ + dx? + dr?
2z 2

» We can perform a Wigner-Inonii contraction to obtain

non-relativistic symmetry
Poincaré —

Galilei

translations P,

Lorentz M,

time translation

space translation
rotations Ji;
Galilean boosts G;

T

<
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Coupling a Galilean theory to gravity

» Consider the free action [Son, arXiv:1306.0638]

. H U
S = /dtddx [;qﬁ D0<D+25 D,-chchb}

m

Introduce a space metric h*¥ and a velocity vector v#

Nz

' h
S= /dd“x\ﬁ {; viot D o+ = Dﬂqﬁoycb}

AR = R g

» This can be made more systematic

= Newton-Cartan geometry

— A reformulation of Newtonian gravity in a coordinate invariant
manner
— Can be obtained as a non-relativistic limit of general relativity
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Newton-Cartan gravity

> Take the ¢ — oo limit of Einstein gravity
c®goo € &oi 2 (8o 0 2
8w = (Cg;o s =\ o) =T
g,ul/ _ gOO/CZ gOI/C 0 0 _ v
0 g¥

g%c g
» Writing the temporal metric as 7, = 7,7, with /"7, =0
gives the Galilei structure | (M, 7,,, ")

T, © specifies time direction

A" . (degenerate) spatial metric

» Introducing a vector v# satisfying 7,v# = 1 gives the
Newton-Cartan structure | (M, 7, v, h*)

v# . velocity vector
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The central extension

» This now provides enough data to define a unique ‘lower’
metric h,,, satisfying

hu, h"P = 5" TV huv? =0
(Note that h,,, and h*” are not matrix inverses of each other, as

they are not invertible)

» It is useful to extend the Galilei algebra to the Bargmann
algebra by introducing

[Gi, Pj] = —0;5M
where the central generator M is related to the mass

» Gauging M then introduces a U(1) current, and extends the
Newton-Cartan structure to | (M, 7, v¥, " m,)
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Torsional Newton-Cartan geometry

» Motivated by holography we classify the Newton-Cartan
geometries according to

dr =0 Newton-Cartan (NC)
dr #0but 7 Adr =0 twistless Newton-Cartan (TTNC)
TAdT #0 torsional Newton-Cartan (TNC)

[Christensen, Hartong, Obers and Rollier, arXiv:1311.4794]

» Here we focus only on the torsionless d7 = 0 case

— We can introduce adapted coordinates by defining the time
coordinate by 7 = dt

T# = (1a0)7 VH = (13 Vi)
hlv — 0 0 h o hk/Vle — jka
o 0 hY)” v 7/7,';( Vk h,J
where h;; = (hV)~1
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Working with adapted coordinates

> In the torsionless case, we can introduce a metric compatible

connection
V,h*=0  V,n, =0

where
FPW = Vpa(uTl,) + %h’“(&,hw + 8Hh)\y — 8)\hlw + 2K/\(HTV))

KHV = 28[#m,,]

» In the adapted coordinates, we find FOW = 0 along with
&' =Too = h¥(0;0 — DoA)
Qij = rioj = %hik(aohkj + 8kAj — 8J-Ak)
F’jk = %h”(ajhlk + akh/j - 8,hjk)

where - ;
1
©=mo— shjv'v/ Ai = m; + hjv/

[Andringa, Bergshoeff, Panda and de Roo, arXiv:1011.1145]
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Newtonian dynamics

> In adapted coordinates, the geodesic equation reduces to

d?x’ ; Cdxd . J dxk
7X+¢I+2Qud7);+r, dx) dx

a2 gt dr 0

» Newtonian gravity is obtained by taking the Einstein equation
Ry = 4nGpT,T,

— The R’J =0 component Implles rijk =0

— We can further make a coordinate transformation to set
h? = 6" and Q'; = 0 so that

d?x

e —0ip along with Roo = V20 — 47Gp

where &' = 9,
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Introduction of supersymmetry

» Can we supersymmetrize Newton-Cartan gravity?

Gauge a super-Bargmann algebra

symmetry generator gauge field
time translation H an

space translation P e
rotations Jab wy, P
Galilean boosts G? wy?
central charge M my,
supersymmetries (3D) Q4+ Yt

» The on-shell 3-dimensional N/ = 2 theory was constructed in
Andringa, Bergshoeff, Rosseel and Sezgin, arXiv:1305.6737



Obtaining 3-dimensional Newton-Cartan supergravity

» We can also start from the relativistic theory and take the

non-relativistic limit

— Take the off-shell N/ = (2,0) theory [Howe, Izquierdo,
Papadopoulos and Townsend, hep-th/9505032] as the

starting point

— Then perform a Wigner-Inoni contraction

vielbein E;‘ —
gravitini v, —
central charge gauge field M, —
R-charge gauge field Vi,

auxiliary scalar D —

T, €
w,u:t

my,
(eliminated)

S

[Bergshoeff, Rosseel and Zojer, arXiv:1505.02095]

» This reproduces the on-shell result, but includes the auxiliary

field S
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The transformation rules

» The supersymmetry transformation rules

0T, =

e =

m

om, =

5"/1;L+

€+”/0¢u+

(E7° Y- + 7" Ypst)
-

(Dp + STuv0)es

= NI

M N

51— = (D — 35T0)e— + (3wuva0 — Sefva)es
0S = —3€7" a0

» For a supersymmetric background, we set ¢, = v, =0,
and solve the Killing spinor equations 6v, = d¢,— =0

— Goal: obtain a solution for (7,, €7 My, S)
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Integrability of the Killing spinor equation

» The Killing spinor equations are given by
Dyer = —=STuvo0es
D,e_ =3S7,7v0e_ — %wZ’yaoeJr + Sez%@r
» The integrability condition [D,,, D,]e+ = 0 then gives

Apu70€+ =0
Buuyoe— + G vaer =0
where
A= —1R%*(J)esp — 7 N dS
B =—1R*(J)ea + 37 A dS
C? = —1eR(G) + e N dS — 257 e’ N T
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Supersymmetric backgrounds

» To obtain a supersymmetric background, we solve

A’VO€+ =0
Byoe— + C¥vy,e4 =0

for € = (€4, €_) a four real component spinor

» We can consider the following cases

1.

Maximally supersymmetric:
four independent Killing spinors = A=B=C?=0

. 1/2 BPS with e = (0,e_) = B =0

1/2 BPS with ¢ = (¢,,0) = A= C? =0

1/2 BPS with € = (e, Fey) for some function F(x*)
= A =0 with B and C? related
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Maximal supersymmetry

» For maximal supersymmetry, we immediately obtain

0=A=—-1R®(Ne,, — 7 N dS
aR7U)es } R?(J) =0, TAdS =0

0=B= f%Rab(J)eab +3rAdS
as well as
C?°=0 = R*G)=-2"e’NdS 4S5 NT
» The curvature in terms of rotation and boost spin connections

can be combined to give Riemann in terms of the
(non-relativistic) Christoffel connection

R ypo(T) = —85%7, 1,0 + 4 heli T, €(,05)S
» Contracting gives Ruw = 852@71,

— Newtonian dynamics with S? playing the role of mass density
(but we have not imposed any equations of motion)
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Maximal supersymmetry

> Supersymmetry imposes more than just the R, equation

» Working in a frame with hi = 5V along with oo = ;¢ and
Mo = 0 gives

0i0;p = 4525, and S = const.

> This is solved by taking the Newtonian potential
p(t,x") = 28%|x" — o/(1)” + (1)

which is just a harmonic oscillator potential

— ‘Newtonian cosmology’ with a uniform background
mass density
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Half-BPS with € = (0,¢_)
» For e, = 0 we have a single Killing spinor equaiton

(Dy—35770)e- =0 = R™(J)=06€"7 A dS

» In adapted coordinates, this again implies R;; = 0, so we may
choose hY = §Y
— This time, however, we have Ry;(I') = —6¢;;0;S, which allows
for a larger family of solutions
» We can choose arbitrary ¢; = Moo and Q = %e,-jr"oj along
with S = Q/6 + f(t)
> The Killing spinor is then

e, =0 e — 30/ f(t)dt60

— Note that this enhances to maximal supersymmetry when
S = const.
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Half-BPS with € = (e, , 0)

> In this case, we have
(D), + STuv0)er =0 = Rab(J) = —2¢%r A dS
(3wiva0 — Seiva)er =0
» The first equation again gives R;; = 0 (so we choose h! = §7)

» Solving the algebraic equation then gives (in adapted
coordinates)

S=-1Q+ Le?0,v,

8(avb) =0
amo — Oom, = —eapvPe @ .my
» The Killing spinor is
_1 abg
€, =e v e Oavpdt e e =0
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The general half-BPS case

» For a solution of the form (e, Fe;) we return to the Killing
spinor equations
(D, + STuv0)er =0 = R*(J) = —2¢°b7 A dS
(D) —3S1uv0)e— = —(%WZ'YaO — Sepva)er

» As before, we solve the first equation by writing h/ = 6% and
taking 9;(S + 3Q) =0
» The Killing spinor € is given by

L =e f(5+%c)dr€0
while e_ may be obtained by solving the inhomogeneous
equation

— This gives additional constraints on the background
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What have we learned?

> In all cases, non-relativistic supersymmetry demands
Rj=0 = hi=4"

— Is this special to 2 4+ 1 dimensions, or does it also generalize to
higher dimensions?

— This is compatible with the Newtonian result
Ru, = 4nGpt,T,, but we have not imposed any equations of
motion
» This seems to forbid non-relativistic curved backgrounds such
as S x §?
— In the relativistic case, such rigid supersymmetric backgrounds
are obtained by turning on a vector auxiliary field in the time
direction

— Here we have m,,, but it only enters indirectly through the
connection
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Next steps

» Couple matter multiplets to Newton-Cartan supergravity and
take the rigid limit to obtain non-relativistic supersymmetric
field theories

v

Extend Newton-Cartan supergravity to higher dimensions
[Bergshoeff et all

» Framework for describing non-relativistic scale anomalies
(zTE+T)) #0
» Develop (torsional) Newton-Cartan geometry as a framework

for Lifshitz or Schrodinger holography
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