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First-quantized higher spin gravity

The key formula
(@) D@ oo crrs = Dy Verna (M) Vo (T s
permutations
LHS: correlation functions of bi-linear operators
() = E T8 (1) XX Xty
50

computed in three-dimensional free conformal field theory on R'2, labelled here by
vectorial coordinates z and Sp(2,R) spinors .

RHS: correlation functions of Gaussian vertex operators

Vi (1) = exp(4iy(r)oy(T) ,



computed in three-dimensional free conformal field theory on R'2,
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Outline

e High energy strings in AdS

— Flato-Fronsdal theorem

— Singleton = conformal particle = conformal field

— Cusps on tensionful strings

— Partons of discretized tensionless strings

— Two-parton system and sp(2)-gauged topological open string
— Remark: Hagedorn transition and a W-gauged WZW model?

e Topological open strings I

— Ikeda-Schaller-Strobl sigma model
— Cattaneo-Felder’s AKSZ quantization
— Kontsevich formality theorem

— Remark: Formal quantization vs quantum states and vertex operators?



e Higher spin gravity

— Twisted-adjoint representation and Weyl zero-form

— Zero-form charges and amplitudes

— Adjoint representation and one-form connection

— Perturbative unfolded approach vs Vasiliev equations

— Emergence of deformed Poisson structures

— Dynamical two-form and Frobenius-Chern-Simons model

— Remark: Free energy proposal
e Topological open strings II

— Differential Poisson manifolds

— N = oo vectorially supersymmetric sigma model
— Minimalistic gauge fixing procedure

— Gauged Poisson bi-supervector models

— Gauging the target space de Rham differential?



2 High energy strings in AdS

The singleton alias Dirac’s conformal particle The simplest nontrivial uni-
tary representation of iso(2, D — 1) with D > 4, is the lowest weight space

D(3(D —=3);0) =@ L - L | (D —3);0)

n=0

referred to as the singleton, generated by acting with ladder operators LF (r =
1,...,D —1) on a spinless ground state with energy (D — 3), viz.

Ly |5(D=3);0)=0,  (E=3(D=3))|5(D=3);0) =0,  My|3(D=3);0)=0,
and factoring out the singular vector

OLILY | %(D —3);0)~0.

The singleton can be realized as a conformal particle in D — 1 dimensions, that is,
as a particle with 2(D — 2)-dimensional phase space obtained by factoring out an
sp(2)-algebra from a 2(D + 1)-dimensional phase space, viz.

[X4, Pg] = ihos | Map = X4Ps — XpPy ,
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XX Pmup~0,  X'Pi-2(D+1)~0, PiaPpn*®~0.

The constraint surface, which is known as Dirac’s hypercone, is thus the limit of D-
dimensional anti-de Sitter spacetime in which the anti-de Sitter radius L vanishes.
The singletons is sometimes said to be hyper-light-like in order to distinguish it
from the light-like (massless) particle, whose 2(D — 1)-dimensional phase space is
obtained by factoring out

XAXBHAB%_Lz ) XAPA_%(Dle)%O, PAPBHAB%O.

The space of composite operators on the singleton phase space is isomorphic to the
space A of functions in Env(iso(2, D — 1)) over the two-sided ideal generated by

%MACMg + i(D — 3)7]AB ~ 0, M[ABMCD] ~ 0.

The singleton arises inside this associative algebra as two one-sided modules gener-
ated from a special function from the left or the right; for example, in D = 4 the
singleton ground state arises as the following coherent state density matrix:

| $(D —3);0)(5(D = 3);0 |= 4exp(—4E) .



Flato-Fronsdal theorem The massless simple spin-s (s > 1) particle in D-
dimensional anti-de Sitter spacetime is the lowest weight space

D(s+D=3;(s)) =@ L L | s+ D —3;(5))s,..s.

n=0

generated from a spin-s ground state with energy s + D — 3 modulo the singular
vector
0Ly | 5+ D —3;(5))ssy..s. -

Remarkably, as first found by Flato and Fronsdal in D = 4, these massless particles
are composite in the sense that they are contained in the direct product of two scalar
singletons, viz.

DD+ D-3:(5))

s=0

D(3(D —3);0)® D(:(D - 3);0)

where all irreps on the right-hand side have multiplicity one and the even spin arises
in the symmetric product and the odd spin in the anti-symmetric product. Thus,
massless particles arise as nonpolynomial elements V' in A, that is, as singleton
density matrices, forming iso(2, D — 1)-orbits under the twisted adjoint action of A



on itself induced via
p(MAB)V = MABV - VW(MAB) ) W(Ev MT87 Lri) = <_E7 M?"sa Lf) .

As we shall see, the above realization is the germ of stringy holography, as conformal
particles can be realized as cusps on closed strings in anti-de Sitter spacetime, as
well as of the topological open string as, singleton density matrices can be realized
as boundary vertex operators of first-quantized two-dimensional topological sigma
models.

Semiclassical singletons as cusps on tensionful strings The iso(2,D — 1)
Noether current densities of semiclassical tensionful closed strings in D-dimensional
anti-de Sitter spacetime have a tendency to accumulated in the semi-classical limit
(large charges) at relatively small portions of the string moving just below the light-
speed. Assuming the (principal) spin S » TL? » 1, the simplest string configuration
is a folded string with energy

E =S5+ 0(logS) ,

and isometry charges distributed equally among two portions of fixed size much
smaller than the size of the string. On physical grounds, we may thus think of a



generic semi-classical string state as consisting of NV cyclically ordered hyper-light-
like cusps with iso(2, D — 1) charges M4p(§) (£ = 1,..., N) such that

Map = Y Map(§),  Mac(§)Mp(€) ~ O(log S) -
£=1

The cusps receive one-loop corrections from D — 2 normal-coordinate bound states
trapped in Poeschl-Teller Type II potential wells; D — 3 of these have zero-point en-
ergy % while the energy of the remaining one depends on the details of the geometry
of the cusp.

Singletons as partons of discretized tensionless strings on Dirac hypercone
The Nambu-Goto action for the a bosonic string with tension 7" in D-dimensional
anti-de Sitter spacetime can be written as

S =T, Jd20(\/—77aﬁaaXA§5XBnAB + A(XAXBUAB + L2)) ,
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where 7,4 is the Polyakov metric and A is a Lagrange multiplier. In the Polyakov
gauge, the corresponding Hamiltonian action with rescaled spatial coordinate reads

S = fdfﬁdu(PAXA — A (XAXBnap + L?) — AP - 0,X — A3(P? + (T.)%(0,X)%)) .

Replacing the closed string by N partons with coordinates

}/}A:(XA(Mé)vPA(“f))v ung/a, [:17"'72N7

where 1/a is the unit string mass per parton, and taking the combined tensionless
and hyperconical limit
L/a— 0, Ta* -0,

at fixed a, while requiring a constraint algebra containing the original constraints,
yields an sp(2N)-gauged quantum mechanical system with action

S = Jdr(%QUYAIY;{ - ApKY), KV =y,

where one may think of sp(2/V) as a discretized W-algebra.
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Although the classical phase space becomes overconstrained (for N > 1), requiring
that physical states obey the weaker constraint

(WK |w)=0,
leads to a reincarnation of multi-singleton states

N 2 1
. . X _(S(P+PS()
e v — l]: 2
v 5@”@@ K%(ue) [ Ve)e =0, K L(XP + PX) p2

though additional ghosts are required in order to cancel the sp(2/N)-anomaly, i.e.
to make
<\I’ | KhJr oo gIndn ’ \Ij>

vanish.

A mechanism for the Hagedorn transition? As Sp(2/V) contains Sy, the in-
variance under large gauge transformations implies a spectrum of totally symmetric
multi-singleton states, that is, a tensionless bosonic string in D-dimensional anti-de
Sitter spacetime appears to be dual to a single conformal scalar field on the boundary
of spacetime.
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Thus, returning to the tensionful string, it appears as if the cusps can actually pass
trough each other in the limit of large quantum numbers. This is reminiscent of
what one would expect from nonlinear solitons (the Poescl-Teller Type II problem
is indeed the auxiliary system for the KdV equation).

We may thus interpret the formation of cusps as a mechanism for a Hagedorn tran-
sition: Start from closed string states on Regge trajectories with low energy (in
flat spacetime); switch on a negative cosmological constant small enough not to af-
fect the system significantly; heat up the system thereby exciting cyclically ordered
string states on Regge trajectories; at high enough temperature, the energy starts
going into totally symmetric cusps (feeling the curvature), and the string eventually
becomes tensionless in anti-de Sitter spacetime.

Two-parton system and sp(2)-gauged topological open string The two-
parton system can be modelled as a single closed worldline with action

S = jgdr(geinAin —A;KY), KY=YYY], YA = (X4 PY,
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which can be rewritten as a two-dimensional gauged Poisson sigma model with
covariant Hamiltonian action

S = J (7]Az A\ (DYAl + %ﬁAl) + fijFij + B”(flj + Km‘),
b

DY = dyM + AIYS FY = dAY + A AN
whose AKSZ treatment requires the boundary conditions
Nailoxs = 0, &ijlos = 0.

The emission and absorbing massless states [i)D(3(D — 3);0) @ D(3(D — 3);0) can
be modelled by inserting corresponding adjointized vertex operators V; » k where
V; is a twisted adjoint singleton density matrix and s is the inner Klein operator
implementing the m-map, viz.

KV =7n(V)k .

The resulting, naive, form of massless particle scattering amplitudes is given by

traces of the form .
Com=, Tr[[Vixx,

bose—symm i=1

which indeed reproduce free field theory correlation functions.

14



3 Topological open strings I

Ikeda-Schaller-Strobl sigma model The sigma model map
p: M=T[1]Y - N=T*[1]P,

the parity shifted cotangent bundle over a Poisson manifold P with bi-vector II
obeying [II, 1] ys = 0. The cotangent bundle is a graded symplectic manifold with
tautological one-form

19 = /rIOC N d¢a Y deg(¢a7na’ d? 19) = (07 ]" ]‘7 2) Y
canonical two-form
Q= dno A dg®,  deg(Q) =3,
and corresponding Poisson bracket {-,-}p;) of intrinsic degree 1. The Poisson bi-
vector field on P lifts to a Hamitonian function on T*[1]P of degree 2:
1

H = ononsll®(¢) . {H,H}py =0,  deg(H)=2.

The sigma model action

S=JM90*(?9+H) ,
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where SM involves a projection onto horizontal forms and assuming that the sigma
model map, which is a map between graded manifolds, has vanishing intrinsic degree
and that the degree map on M corresponds to the form degree on 3J; more explicitly,
and suppressing ¢*, we have

1
5= [ o naor s Jnonnano))

AKSZ-Cataneo-Felder quantization and Kontsevich’s formality theorem
The above model is a special example of a class of formally topological models based
on generally covariant actions in p + 1 dimensions of the form

S:J (Py AdX“+ H(P, X)), {H,H}p =0,
M

deg(Xa7Pa7H) = (powp — PasP + 1) )
that can be quantized using a special implementation of the Batalin-Vilkovisky for-
malism due to Alexandrov-Kontsevich-Schwartz-Zaboronsky. Following this method,
Cataneo and Felder quantized the Ikeda-Schaller-Strobl model in the case that P
has a trivial topology (R™) and ¥ is a disc with

Ua\az =0 )
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leading to an explicit verification of Kontsevich’s associative star product formula;
if ¢; are functions on P then

(¢1 % ¢2)(p) = Jgaugesnce D(p, -+ )52y (o(q1))da((q2))

¢(q0) =p
Nlos =0

where p € P and ¢, ¢1 and ¢y are three cyclically ordered points at 0%, the path
integral involves ghosts and Lagrange multipliers and Sakgz is the BV master action
obtained using the AKSZ method. Perturbative quantization using the background
field method and and choosing a regularization scheme involving deletion of self-
contracted vertices (normal ordering) reproduces Konsevich’s explicit formula

G1 % ¢ = G102 + D{P1, Po}ur + Z L Z wr Br(¢1, ¢2)

n=2 Tel, 0

where I',, o are all Kontsevich’s diagrams with n vertices and wr are the celebrated
Kontsevich weights.

Remarks: Formal quantization vs quantum states and vertex operators?
Kontsevich’s formula gives a star product that is associative if all objects, including
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¢i, admit perturbative h-expansions. Thus, the formula provides a definition of a
quantum algebra but not necessarily a practical tool for handling physically relevant
representations, as these generically involve functions that depend nonperturbatively
on h. Moreover, Kontsevich’s explicit formula is not manifestly coordinate invariant.

Zucchini’s gauged model Let V, be fundamental vector fields on P, of which an
(ideal) subalgebra generated by V,» = PV, admits moment functions K, (Hamilto-
nians). Zucchini proposed the following gauged version of the Poisson sigma model:

1 /
o f (o A (d9° + NV2) + St AT + £, (AN A0 AN+ BT (PLE + an)
by

together with the boundary conditions

(naa&’)‘aﬁ =0.

Formally, the corresponding quantum structure is that of a star product compatible
with a nilpotent BRST differential, viz.

Q(P1 * Ba) = (QP1) » Py + (—1)" VD » (Q,) | QQ(®) =0,

subject to potential anomalies provoked by the Cattaneo-Felder subtraction scheme.
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4 Higher spin gravity

Twisted-adjoint representation and Weyl zero-form
Zero-form charges and amplitudes

Adjoint representation and one-form connection
Perturbative unfolded approach vs Vasiliev equations
Emergence of deformed Poisson structures

Dynamical two-form and Frobenius-Chern-Simons model

Remark: Free energy proposal
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5 Topological open strings II

Differential Poisson manifolds A differential Poisson algebra on a manifold P
is an extension of a Poisson algebra on P to the algebra (P) of differential forms
on P that admits two degree-preserving bilinear products, given by the graded
commutative wedge product and the graded skew-symmetric map

{3 2P)@QPr) — Q(P),

referred to as Poisson bracket, which is assumed to i) be compatible with the de
Rham differential; ii) obeys the graded Leibniz rule, viz.

degp({wi,wa}) = degp(wi) + degp(wa) ,

{wi,wo} = (_1)1+degp(w1)degp(w2){w2’wl} 7
{wi,we + w3} = {wi,we} + {w1,ws},
d{wy,wa} = {dwy,wa} + (—1)%8P@ {0 duw,)
{wi,wy Aws) = {wi,wa} A wsg 4 (—1)deer@ndesr@)yy) A o) ws)
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and iii) obeys the graded Jacobi identity

{wi, {wa,ws}} + (_1)degp(w1)(degp(wz)+degp(W3)){w%{wgywl}}
+(_1)degp(ws)(degp(w1)+degp(wz)){w?” {wi,wa}} =0,
where w; € Q(P) and degp denotes the form degree on Q(P). The differential Poisson

bracket can be covariantized by introducing a connection one-form f‘ag = d¢" IS,
and a tensorial one-form

S =1dp*SH0;00, .

defined through N R
{¢%,d¢°} = IVII*P + 5P — 1717

Choosing the connection such that!

V1% = 0

!There exists a generalization of Darboux’s theorem from symplectic to Poisson manifolds that
makes this choice possible.
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and imposing the de Rham-compatibility, it follows that, for any two differential
forms w and 7, one has

{w,n} =TI’V w A Van + S A [(—1)degP<W>vaw A dgn —iqw A V1]
+ (—1)deer@) (ﬁo‘ﬁ - %Saﬁ) A GoW A ign
where V,, is the covariant derivative constructed from the connection coefficients
v = Ty s
and N N N
R =" R", = R° |
where R%s is the two-form curvature of the connection one-form I'®3.

If S =0, the graded Jacobi identity (5.1) is equivalent to following conditions:

Jo = mlergimle = o
JOPs = M*IIPR,,s =
JEPs = TV, R, =0,
J?'875E,\ = Ee[p(aﬁﬁ*k]”e =0.
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of which the constraints on Jg' “ Ty 8 ’7)5 and JQ[O"B ]756 are independent, whereas the
remainder follows by covariant differentiation.

Induced supersymmetric differential Poisson sigma model The isomor-
phism between the algebra of forms on P and functions on T[1]P, both of which are
graded associative differential algebras, can be exploited to construct a supersym-
metric extension of the Ikeda—Schaller—Strobl sigma model by fermionic (0, 1)-forms
(0%, Xo) in the case that P is a differential Poisson manifold with S = 0.

The action, which thus exhibits a global supersymmetry corresponding to the de
Rham differential on P, and whose gauge symmetries are equivalent to the con-
straints required for the Jacobi identity, is given by

STl = [

o* (nad¢a + %Haﬁnam; + Xa VO* + %L}N‘Zﬁ,gaﬁxa A X59795) ,
s

where p : M = T[1]¥ — N = T*[1]P is a degree preserving sigma model map and
the (¢, na; 0%, xa) are assigned a target space degrees, denoted by deg, and fermion
numbers as follows
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% | Na | 07| Xa
deg| O | 1] 0| 1
€f 010 1]-1

Ol |

The target space thus consists of a bi-graded fiber bundle
T*[1,0|P®T*[1,1]P&®T[0,1]P

with base manifold P coordinatized by ¢* and fiber coordinatized by (9, Xa,0%),
respectively.

The pull-back by ¢* induces the following bundle structure over >:

o* (T*[l, 0]P® T*[1,1]P & T|0, 1]P> _ <¢*(T*[o, 0]P) ® T*z)
(¢ (T, UP) @ T'2) @ (#"(T[0,1]P) © C*(%)) |

whose sections we shall denote simply by (74, Xa, 0%), respectively.
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The suitable Koszul sign convention reads?

OO = (—1)desO)+(O) @es( @)+ /) |

The equations of motion of the supersymmetric Poisson sigma model, viz.

R 1= d¢™ + 15 ~ 0, (5.1)
RY = VO + LR s x5670° ~ 0, (5.2)
R i= Vil + Rag"5dd” A x40° + 1V Rs,%xs5 A X067 ~ 0, (5.3)
RXe := Vxa + %§a567X5 A X7Q6 ~0, (54)
form a universally Cartan integrable system, and the action is gauge invariant, by
virtue of the constraints following from the requirement that the differential Poisson
bracket obeys the graded Jacobi identity.

2 This convention is motivated by the fact that it admits a direct extension to generalized
Poisson sigma models in higher dimensions with target spaces given by N-graded manifolds.

25



The (rigid) supersymmetry transformations

6f¢a =0" )

6:0° =0,

0t = AR5, a x5 0°07 — T 5m, 07,

6tXa = —Ta + [ls Xy 6° | (5.5)

are nilpotent and leave the action (5) invariant, as can be seen by writing

S=f&V,V=—M (dop™ + 211°n;)
by

The overall coefficient of the term in the action that is quartic in fermions is fixed
by the supersymmetry but not the local symmetries. The corresponding Noether
current is

Jr = na8" — 3T5 X007 .

Gauging the target space de Rham differential In order to construct a topo-
logical open string theory describing higher spin gravity, we propose to gauge the
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de Rham differential, that is, the rigid vectorial supersymmetry of the differential
Poisson sigma model.

At the semi-classical level, the consistency of the construction does not impose any
further constraints on the differential Poisson geometry than those required for the
ungauged model.

The resulting action

S¢=SO+J(wAJf+)\dw+chw).
b))

Towards nonlinear quantum mechanics (work in progress) We are cur-
rently investigating a number of basic properties of the model:

e Perturbative quantization of model by rewriting the action as a sigma model
on a supermanifold with a Poisson bi-supervector.

e Derivation of manifestly covariant extension of Kontsevich star product for-
mula on to differential forms.
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e Presence of anomalies in (Qr)?.

e Anomalies in more general (supersymmetric) gaugings (e.g. for extra super-
symmetry induced by special Killing vectors).

e Application differential Poisson manifolds with nontrivial curvature tensor pro-
vided by (semi-classical) quantum groups G,.

In particular, we would like to understand better whether it is possible to embed
the ordinary Liouville equation

ihp + [H,pl. = 0,
into a linearized open string field theory equation of motion
QU =0,

which may pave the way towards an example of a nonlinear deformation of quantum
mechanics.
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6 Conclusion

CFT correlation functions from FCS free energy functional?

CF'T correlation functions from TOS amplitudes?

TOS — TOSFT — FCS ?

Liouville equation as linearized gauged TOSFT ?
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