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Motivation

some keywords: Newtonian spacetime, Newtonian gravity —

Newton-Cartan (NC) geometry, NC gravity

Cartan (1923)

e fractional quantum Hall effect

Son et al. (2012-2014)

Lifshitz holography, ‘conformal’ NC geometry

Christensen, Hartong, Obers and Rollier (2013-2014), see also Hartong, Kiritsis, Obers (2014-2015)

NC supergravity, localization techniques

Pestun (2007), Festuccia, Seiberg (2011)

Hotava-Lifshitz gravity

Horava (2009)
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How do we construct Non-relativistic Gravity ?

® gauging a non-relativistic algebra

e taking a non-relativistic limit

e using a non-relativistic conformal tensor calculus
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Outline

Newton-Cartan Gravity
Gauging the Bargmann Algebra
Taking the Non-relativistic Limit of GR
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Einstein Gravity

In the relativistic case free-falling frames are connected by the

Poincare symmetries:

e space-time translations: Oxt = ¢+

e |orentz transformations: oxH = A\, x¥

In free-falling frames there is no gravitational force

in arbitrary frames the gravitational force is described by an

invertable Vierbein field e,?(x)
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Non-relativistic Gravity

In the non-relativistic case free-falling frames are connected by the

Galilean symmetries:

e time translations: ot = &9

e space translations: oxi =¢ i=1,2,3
e spatial rotations: ox = )\ij x/

e boosts: oxi = Nt

In free-falling frames there is no gravitational force
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Newtonian gravity versus Newton-Cartan gravity

e in frames with constant acceleration (dx' = 1p/t?) the
gravitational force is described by the Newton potential ®(x) —

Newtonian gravity

e in arbitrary frames the gravitational force is described by a temporal

Vierbein 7, , a spatial Vierbein e,? and a gauge field m, —

p=10,1,2,3 a=12,3

Newton-Cartan (NC) gravity
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The Galilei Algebra versus the Bargmann algebra

e Einstein gravity follows from gauging the Poincare algebra

The Galilei algebra is the contraction of the Poincare algebra

does NC gravity follow from gauging the Galilei algebra?

Can NC gravity be obtained by taking the non-relativistic limit of
Einstein gravity?

No, one needs Bargmann instead of Galilei and Poincare @ U(1)!
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Gauging the Bargmann algebra

[-/ab; Pc] = _25c[an] ) [-/aba Gc] = _25c[aGb] )

[Ga,H]:_Pa, [Ga;Pb]:_(Sava 321,2,...,d
symmetry generators | gauge field | parameters | curvatures
time translations H Ty ¢(x") R (H)
space translations p? e’ ¢(x¥) R..2(P)
boosts G? w,? A?(xY) R..%(G)
spatial rotations Jab w), 2 AP (xV) Rt (J)
central charge transf. Z m, a(x¥) R..(2)
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Imposing Constraints

R..2(P) =0, R.w(Z)=0: solve for spin-connection fields

Ru(H) = 0,7 =0 — 7, =0, 7 : foliation of Newtonian spacetime

R (J) =0 : additional constraints

Ro(a,p)(G) # 0 : only non-zero components left

Ro27(G) =0 : equation of motion
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The Final Result

The independent NC fields {7,,, e,?, m, } transform as follows:

01, =0,
de,® = Npel + N7,

omy, = 0,0 + Ase,°

The projective inverses e, and 7" of e,? and 7, are defined by
e“’aeﬂb = 55, T, =1,

e a __ noo_ P a__ sp _ P
T'e, =T,el,; =0, e’.e, _5u TuT

Future Directions

The spin-connection fields w,?® and w,,? are functions of e, 7 and m
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Can we obtain these results by taking a non-relativistic limit of

Einstein gravity?

DA
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Relativistic Gravity

The independent fields {£,,?, M,,} of Poincare @ U(1) transform as

follows:
SES = €P0,E/ + E 0,80 + MBELP,
oM, = EPO,M, + 0P M, + 0N, A=0,1,2,...,d

R (E) =20uE)* =29, 8 E4° =0 — Q% =Q,"%(E)
Fuu(M) = 204,M,

on-shell: F,,(M)=0
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Taking the Limit
Jensen, Karch (2014); Rosseel, Zojer + E.B. (work in progress)

Inspired by the contraction of the Poincare ® U(1) to the Bargmann

algebra we introduce a parameter w and define

mu) + 5aA e’

1
A_ sA
B = d ('W'Tu"‘z

1

M,=wr, — 5 M
where in the limit w — oo the fields {,,, e,?, m,} become the NC fields

To obtain the projective invertability properties of the NC fields we must

take for the inverse relativistic Vielbein

1 1 1
Efa=051e"+0(5)] + =0 [ +0()]
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A subtlety

The non-relativistic spin-connections are obtained as follows:

a a 1
Q,°(E) = w,*(e.7.m) +0(=),

provided we use the constraint

1
e"ae”b (w 6[#71,] — Z 8[#ml,]) =0

on-shell: F,,(M)=0 — Oty =0

Future Directions
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Outline

Non-relativistic Supergravity
Gauging the super Bargmann Algebra
Taking the non-relativistic limit of supergravity
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The super Bargmann Algebra

We need two supersymmetries: Q™! = {Q;, Q_}

Cp. to J. Gomis, K. Kamimura and P.K. Townsend (2004)

{Q+, Q+} ~ time translations

{Q+, Q_} ~ spatial translations

{Q-, Q_} ~ central charge transformations
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Non-relativistic Supergravity
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3D on-shell Newton-Cartan supergravity

0Ty

a
de,

omy,
57/’#-%—
0y —

1
Dyer = 0peq — Zwuab'yabei :

Andringa, Rosseel, Sezgin + E.B. (2013)

1

§€+70¢u+ ,

1_ 1_
§€+73%— + 56—73%+ ;
E—'YO?/’;L— )

D'u€+ 5

1
Dye_ + Ew#a’yaoq

spatial rotations
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Constraints

We need again two constraints to solve for the spin-connections:

R.?(P) =R, (Z)=0

Future Directions

Furthermore, the foliation condition generates the following constraints:

wAabf =0

N

Ro(H)=0 — Puy=0 — R,L*>U)=0

Yoo =0 — fe\’Oaa(G) =0
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Taking the Non-relativistic Limit

1

V= \/‘*—-’w;ﬁ ) v, = ﬁ Y-

e one must take limit in d¢ and §d¢

e compare relativistic case with non-relativistic case:

. w — 00
Fuu(M)=0
101,02
. w — 00
wuui =0
lQth
w — 00

Future Directions
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Auxiliary Fields

Our starting point is the 3D off-shell new minimal supermultiplet

{EA My, Vi, St i=1,2
The foliation constraint generates the following constraints:
e’y Vi =0 — V, =-27,5
and

'@Z;abf =0

Ru(H)=0 — =0 — R,*J)=4c7,0,S
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3D off-shell Newton-Cartan Supergravity

Rosseel, Zojer + E.B. (work in progress)

1_
0T = P €+701/)u+ )
a 1_ a 1_ a
56# =67 Y-+ €y 1/)#+,
2 2
omy, = E—'Yow,u— )

0t = Duey + 706 STy

1
Othy— = Dye— —3yoe- S + B wuva0€+ — Va€r €7 S,

1 A
05 = ~3 €47 %%.0-
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Outline
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The Relativistic Conformal Tensor Calculus

Conformal = Poincare + D (dilatations) + K, (special conf. transf.)

Poincare gravity = conformal gravity + compensating scalar ¢
db, = Nge,?, f,° =f,%(e,w, b), 0¢p = Npop
L=¢0O%, op=1 — L=R
. NP NC/  nC
from Poincare back to conformal: (e,?)” = (¢) (e,

The contraction of the conformal Algebra is the Galilean Conformal
Algebra (GCA) which has no central extension !
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The z = 2 Schrodinger Algebra

not every non-relativistic configuration can be obtained as the limit of a

relativistic configuration

z = 2 Schrddinger = Bargmann + D (dilatations) + K (special conf.)
[H,D] = zH, [P., D] = P,

z =1: conformal algebra, z # 2 : no special conf. transf.
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Conformal NC Gravity

“TTNC gravity’: Hartong, Rosseel + E.B. (2013)
Gauging the z = 2 Schrodinger algebra we find that the independent
conformal NC fields {7, e, m,} transform as follows:
01, = 2N\pTy0
Se,® = Npe, + N1, + Ape,?,
om, = 0,0 + A e,°

ab

The connection fields w,* ,w,? and the K-gauge field f, are dependent

The time projection 7" b,, of b, transforms under K as a a shift while the
spatial projection e, b, is dependent

) = (DT — OQTp) Ty =0 = T = @Ot
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An Invariant Action
§& = wAp® + imo® — D, = (8, — wh, —imm,)®
D=7"D,, D,=e"D,

1
O1=iD+ =D, h= /dthxe((D*Olcb + 00, 0%)

0, = (0:)°, b= /dthx e®* 010,
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Gauge-fixing

work in progress with H. Afshar, A. Mehra, P. Parekh, B. Rollier plus E.B.

® = g fixes dilatations and central charge transformations

i — Newton-Cartan gravity??

L — Hotava-Lifshitz gravity 77

cp. to Hartong: private communication
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Outlook

e 4D Newton-Cartan supergravity

e non-relativistic superconformal tensor calculus

3D: {Tl“ e#av m#?wﬂﬂn S}P = {Tl“ elta> m#kui}c S {CD: Aty S}C

—  supersymmetric HoFava-Lifshitz!

e non-relativistic superspace techniques

e Applications!
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Supergravity

A Companion Volume:

Supergravity: the Non-relativistic Case!

[m]

A Non-relativistic Conformal Tensor Calculus
00000
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