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why non-relativistic gravity ?
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Motivation

some keywords: Newtonian spacetime, Newtonian gravity →
Newton-Cartan (NC) geometry, NC gravity

Cartan (1923)

• fractional quantum Hall effect
Son et al. (2012-2014)

• Lifshitz holography, ‘conformal’ NC geometry

Christensen, Hartong, Obers and Rollier (2013-2014), see also Hartong, Kiritsis, Obers (2014-2015)

• NC supergravity, localization techniques
Pestun (2007), Festuccia, Seiberg (2011)

• Hǒrava-Lifshitz gravity
Horava (2009)
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How do we construct Non-relativistic Gravity ?

• gauging a non-relativistic algebra

• taking a non-relativistic limit

• using a non-relativistic conformal tensor calculus
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Einstein Gravity

In the relativistic case free-falling frames are connected by the

Poincare symmetries:

• space-time translations : δxµ = ξµ

• Lorentz transformations : δxµ = λµν x
ν

In free-falling frames there is no gravitational force

in arbitrary frames the gravitational force is described by an

invertable Vierbein field eµ
a(x)
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Non-relativistic Gravity

In the non-relativistic case free-falling frames are connected by the

Galilean symmetries:

• time translations : δt = ξ∅

• space translations : δx i = ξi i = 1, 2, 3

• spatial rotations : δx i = λi j x
j

• boosts : δx i = λi t

In free-falling frames there is no gravitational force
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Newtonian gravity versus Newton-Cartan gravity

• in frames with constant acceleration (δx i = 1
2ρ

i t2) the

gravitational force is described by the Newton potential Φ(~x) →

Newtonian gravity

• in arbitrary frames the gravitational force is described by a temporal

Vierbein τµ , a spatial Vierbein eµ
a and a gauge field mµ →

µ = ∅, 1, 2, 3; a=1,2,3

Newton-Cartan (NC) gravity
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The Galilei Algebra versus the Bargmann algebra

• Einstein gravity follows from gauging the Poincare algebra

• The Galilei algebra is the contraction of the Poincare algebra

• does NC gravity follow from gauging the Galilei algebra?

• Can NC gravity be obtained by taking the non-relativistic limit of

Einstein gravity?

No, one needs Bargmann instead of Galilei and Poincare ⊗ U(1) !
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Gauging the Bargmann algebra

[Jab,Pc ] = −2δc[aPb] , [Jab,Gc ] = −2δc[aGb] ,

[Ga,H ] = −Pa , [Ga,Pb] = −δabZ , a = 1, 2, . . . , d

symmetry generators gauge field parameters curvatures

time translations H τµ ζ(xν) Rµν(H)

space translations Pa eµ
a ζa(xν) Rµν

a(P)

boosts G a ωµ
a λa(xν) Rµν

a(G)

spatial rotations Jab ωµ
ab λab(xν) Rµν

ab(J)

central charge transf. Z mµ σ(xν) Rµν(Z )
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Imposing Constraints

Rµν
a(P) = 0 , Rµν(Z ) = 0 : solve for spin-connection fields

Rµν(H) = ∂[µτν] = 0 → τµ = ∂µ τ : foliation of Newtonian spacetime

Rµν
ab(J) = 0 : additional constraints

R0(a,b)(G ) 6= 0 : only non-zero components left

R0a
a(G ) = 0 : equation of motion
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The Final Result

The independent NC fields {τµ, eµa,mµ} transform as follows:

δτµ = 0 ,

δeµ
a = λab eµ

b + λaτµ ,

δmµ = ∂µσ + λa eµ
a

The projective inverses eµa and τµ of eµ
a and τµ are defined by

eµaeµ
b = δba , τµτµ = 1 ,

τµeµ
a = τµe

µ
a = 0 , eρaeµ

a = δρ
µ
− τµτ

ρ

The spin-connection fields ωµ
ab and ωµ

a are functions of e, τ and m
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Can we obtain these results by taking a non-relativistic limit of

Einstein gravity?
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Relativistic Gravity

The independent fields {Eµ
a,Mµ} of Poincare ⊗ U(1) transform as

follows:

δEµ
A = ξρ∂ρEµ

A + Eρ
A∂µξ

ρ + λABEµ
B ,

δMµ = ξρ∂ρMµ + ∂µξ
ρMρ + ∂µΛ , A = 0, 1, 2, . . . , d

Rµν
A(E ) = 2 ∂[µEν]

A − 2Ω[µ
A
B Eν]

B = 0 → Ωµ
AB = Ωµ

AB(E )

Fµν(M) = 2 ∂[µMν]

on-shell : Fµν(M) = 0
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Taking the Limit
Jensen, Karch (2014); Rosseel, Zojer + E.B. (work in progress)

Inspired by the contraction of the Poincare ⊗ U(1) to the Bargmann

algebra we introduce a parameter ω and define

Eµ
A = δA0

(

ω τµ +
1

2ω
mµ

)

+ δAa eµ
a ,

Mµ = ω τµ − 1

2ω
mµ ,

where in the limit ω → ∞ the fields {τµ, eµa,mµ} become the NC fields

To obtain the projective invertability properties of the NC fields we must

take for the inverse relativistic Vielbein

Eµ
A = δaA

[

eµa +O
( 1

ω2

)]

+
1

ω
δ0A

[

τµ +O
( 1

ω2

)]
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A subtlety
The non-relativistic spin-connections are obtained as follows:

Ωµ
ab(E ) = ωµ

ab(e, τ,m) +O
( 1

ω2

)

,

Ωµ
0a(E ) =

1

ω
ωµ

a(e, τ,m) +O
( 1

ω3

)

provided we use the constraint

eµae
ν
b

(

ω ∂[µτν] −
1

2ω
∂[µmν]

)

= 0

on-shell: Fµν(M) = 0 → ∂[µτν] = 0
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The super Bargmann Algebra

We need two supersymmetries: Qrel = {Q+,Q−}
Cp. to J. Gomis, K. Kamimura and P.K. Townsend (2004)

{Q+ , Q+} ∼ time translations

{Q+ , Q−} ∼ spatial translations

{Q− , Q−} ∼ central charge transformations
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3D on-shell Newton-Cartan supergravity

Andringa, Rosseel, Sezgin + E.B. (2013)

δτµ =
1

2
ǭ+γ

0ψµ+ ,

δeµ
a =

1

2
ǭ+γ

aψµ− +
1

2
ǭ−γ

aψµ+ ,

δmµ = ǭ−γ
0ψµ− ,

δψµ+ = Dµǫ+ ,

δψµ− = Dµǫ− +
1

2
ωµ

aγa0ǫ+

Dµǫ± = ∂µǫ± − 1

4
ωµ

abγabǫ± : spatial rotations
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Constraints

We need again two constraints to solve for the spin-connections:

R̂µν
a(P) = R̂µν(Z ) = 0

Furthermore, the foliation condition generates the following constraints:

ψ̂ab− = 0

R̂µν(H) = 0 → ψ̂µν+ = 0 → R̂µν
ab(J) = 0

γaψ̂a0− = 0 → R̂0a
a(G) = 0
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Taking the Non-relativistic Limit

Ψµ+ =
√
ω ψµ+ , Ψµ− =

1√
ω
ψµ−

• one must take limit in δφ and δδφ

• compare relativistic case with non-relativistic case:

Q1,Q2

Q1,Q2

F̂µν(M) = 0

Ψ̂µνi = 0

R̂µν
AB (Ω) = 0

Q+

Q+

R̂µν(H) = 0

ψ̂µν+ = 0

R̂µν
ab(J) = 0

ω → ∞

ω → ∞

ω → ∞
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Auxiliary Fields

Our starting point is the 3D off-shell new minimal supermultiplet

{Eµ
A ,Mµ ,Vµ , S ; Ψµi} i = 1, 2

The foliation constraint generates the following constraints:

eµae
ν
b V̂µν = 0 → Vµ = −2τµS

and

ψ̂ab− = 0

R̂µν(H) = 0 → ψ̂µν+ = 0 → R̂µν
ab(J) = −4 εab τ[µD̂ν] S
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3D off-shell Newton-Cartan Supergravity

Rosseel, Zojer + E.B. (work in progress)

δτµ =
1

2
ǭ+γ

0ψµ+ ,

δeµ
a =

1

2
ǭ+γ

aψµ− +
1

2
ǭ−γ

aψµ+ ,

δmµ = ǭ−γ
0ψµ− ,

δψµ+ = Dµǫ+ + γ0ǫ+ S τµ ,

δψµ− = Dµǫ− − 3 γ0ǫ− S τµ +
1

2
ωµ

aγa0ǫ+ − γaǫ+ eµ
a S ,

δS = −1

8
ǭ+γ

a0ψ̂a0−
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The Relativistic Conformal Tensor Calculus

Conformal = Poincare + D (dilatations) + Kµ (special conf. transf.)

Poincare gravity = conformal gravity + compensating scalar φ

δbµ = Λa
K eµ

a , fµ
a = fµ

a(e, ω, b) , δφ = ΛDφ

L = φ�cφ , φ = 1 → L = R

from Poincare back to conformal:
(

eµ
a
)P

=
(

φ
)C(

eµ
a
)C

The contraction of the conformal Algebra is the Galilean Conformal

Algebra (GCA) which has no central extension !
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The z = 2 Schrödinger Algebra

not every non-relativistic configuration can be obtained as the limit of a

relativistic configuration

z = 2 Schrödinger = Bargmann + D (dilatations) + K (special conf.)

[H ,D] = zH , [Pa,D] = Pa

z = 1 : conformal algebra , z 6= 2 : no special conf. transf.
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Conformal NC Gravity
‘TTNC gravity’: Hartong, Rosseel + E.B. (2013)

Gauging the z = 2 Schrödinger algebra we find that the independent

conformal NC fields {τµ, eµa,mµ} transform as follows:

δτµ = 2ΛDτµ ,

δeµ
a = λab eµ

b + λaτµ + ΛDeµ
a ,

δmµ = ∂µσ + λa eµ
a

The connection fields ωµ
ab , ωµ

a and the K-gauge field fµ are dependent

The time projection τµbµ of bµ transforms under K as a a shift while the
spatial projection ea

µbµ is dependent

∂[µτν] − τρ
(

∂ρτ[µ − ∂[µτρ
)

τν] = 0 → τµ = φ∂µτ
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An Invariant Action

δΦ = wΛDΦ+ imσΦ → DµΦ =
(

∂µ − wbµ − immµ

)

Φ

D ≡ τµDµ , Da ≡ ea
µDµ

O1 = iD +
1

2m
DaDa , I1 =

∫

dtdD
x e

(

Φ∗O1Φ+ ΦO1Φ
⋆
)

O2 ≡
(

O1

)2
, I2 =

∫

dtdD
x eΦ∗O1O1Φ
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Gauge-fixing

work in progress with H. Afshar, A. Mehra, P. Parekh, B. Rollier plus E.B.

Φ = g fixes dilatations and central charge transformations

I1 → Newton-Cartan gravity??

I2 → Hǒrava-Lifshitz gravity ??

cp. to Hartong: private communication



Newton-Cartan Gravity Non-relativistic Supergravity A Non-relativistic Conformal Tensor Calculus Future Directions

Outline

Newton-Cartan Gravity
Gauging the Bargmann Algebra

Taking the Non-relativistic Limit of GR

Non-relativistic Supergravity
Gauging the super Bargmann Algebra

Taking the non-relativistic limit of supergravity

Auxiliary Fields

A Non-relativistic Conformal Tensor Calculus
Conformal NC Gravity

Gauge-fixing

Future Directions



Newton-Cartan Gravity Non-relativistic Supergravity A Non-relativistic Conformal Tensor Calculus Future Directions

Outlook

• 4D Newton-Cartan supergravity

• non-relativistic superconformal tensor calculus

3D: {τµ, eµa,mµ, ψµ±, S}P = {τµ, eµa,mµ, ψµ±}C ⊕ {Φ, λ±, S}C

→ supersymmetric Hǒrava-Lifshitz !

• non-relativistic superspace techniques

• Applications!
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A Companion Volume:

Supergravity: the Non-relativistic Case!
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