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Based on work to appear with D. Robbins and T. Maxfield.


I want to convey an idea today about field theory. These 
slides are based on the notes for a blackboard talk 
presented at the workshop.  

It’s early stage so I’ll be less concerned about details and 
more concerned with describing the idea.
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In the past few years, there has been a program 
underway to associate field theories with geometries in 
the following way:

Take a field theory in some dimension. A case of prime 
interest to us today is the (2,0) theory in D=6. 

This is the theory on coincident M5-branes in M-theory. 

For a single M5-brane, the theory is free consisting of 
the following bosonic fields:

h3 = ⇤h3, h3 = db2

�i, i = 1, . . . 5

Spin(5, 1)⇥ Spin(5)R



Compactify the theory on a geometry to construct a 
lower-dimensional field theory. 

For example:

(2, 0) on M4 ! D = 2 QFT

The (2,0) theory has maximal supersymmetry.  



Let’s do an example. Consider the free (2,0) theory 
compactified on a K3 surface.  

This gives 22 D=2 scalars. These bosons are chiral with 3 
right-moving scalars from the 3 SD 2-forms and 19 left-
moving scalars from the 19 ASD 2-forms.  

�(3,3) � �(0,16)

This is the heterotic string on a 3-torus with (0,8) world-
sheet supersymmetry.   

b2 ! ↵i
±!

±
i , !±

i 2 H2(K3,Z)



M-theory on K3                          Heterotic on T^3$
A wrapped M5 gives the heterotic string, while a wrapped 
NS5 in heterotic gives the M2-brane.   



As we just saw, depending on the properties of the 
geometry, the resulting lower-dimensional field theory 
could be supersymmetric, chiral etc.  

Compactifications to D=0 of a Euclidean field theory give 
partitions functions.  

For the case of supersymmetric partition functions, the 
very powerful tool of localization provides a way to 
obtain exact results about compactified supersymmetric 
field theories.  

(Pestun,…)



The natural question to ask is: which geometries preserve 
supersymmetry?   

From a string perspective, one class of such geometries 
can be found by studying branes wrapping 
supersymmetric cycles, like the case we just studied.  

However, there is a more general answer which includes 
spaces like spheres.   



To see how this comes about, one couples a SUSY field 
theory to background SUGRA.


The background SUGRA need not be on-shell!      

As an example, take an N=1 D=4 field theory and couple it 
to N=1 SUGRA. The choice of SUGRA matters and there is 
more than one choice. The different choices differ in the 
structure of their auxiliary fields.   

(Festuccia, Seiberg,…)



Allowing the auxiliary fields in the SUGRA theory to be 
off-shell, one imposes the condition that the gravitino 
variation vanishes:    

Now one finds lots of solutions like AdS_4 with     

M = M = �3

r
, bµ = 0.



Or a sphere     S3 ⇥ R,

M = M = bi = 0, b0 = �3

r
.

So far, I’ve told you nothing new, but recounted a 
beautiful story that is still being developed. 


When there are additional symmetries, like R-symmetries, 
one can turn on additional backgrounds.      



I want to argue that this is all part of a much larger 
story which, roughly, parallels the construction of the 
string landscape.       



To see this generalization, let’s study a specific example 
motivated from string theory.


Because the example comes from string theory, it will be 
the “on-shell” version of what should eventually be an 
“off-shell” story.    



Consider M-theory on              

This is one of the most studied examples of a flux 
compactification.              

One can relax the condition that the geometry is compact 
and also consider              

G4 2 H4(M,Z)

M = K3⇥ALE.

M = K3⇥K3. (Dasgupta, Rajesh, S.S.)

Think of the flux as supported on a 2-cycle of one K3 
and a 2-cycle of the other K3/ALE.    



To solve the equations of motion, the flux is of specific 
Hodge type:    

G4 2 H(4,0) �H(0,4) �H(2,2)

Preserving SUSY restricts the flux further to be both 
primitive and of type (2,2).    

One can preserve N=0, N=2 and N=4 space-time SUSY, 
depending on the choice of flux and metric. 


If SUSY is broken, it is spontaneously broken below the 
KK scale. 



In the compact case, there is a tadpole condition 
restricting the choice of flux:    

1

2

Z
G4

2⇡
^ G4

2⇡
=

�(M)

24
= 24.

This is the basic story of the landscape of SUSY string 
vacua.    



Now wrap an M5-brane on K3, as we did before. Note 
that,   

G4 = dC3

and that the chiral tensor on the M5 couples to the flux 
via,  

h3 � C3 $ F2 �B2.

Let’s reduce on K3 to get a string as before. 

C3 ! Ai
±!

±
i , !±

i 2 H2(K3,Z).



So the coupling on the M5-brane, 

The chiral bosons are now interacting. The resulting D=2 
theory preserves (we believe) (0,1), (0,2), or (0,4) world-
sheet SUSY for the cases N=0, N=2, N=4.   

h3 � C3 ! @±↵
i
± �Ai

±.

The choice of flux changes the theory on the string. 
There is a landscape that follows directly from the string 
landscape. 



A couple of comments to conclude: 

Putting a field theory on a curved space means coupling 
the stress-energy tensor to the background metric.  


The flux corresponds to turning on operators in the field 
theory charged under: Spin(5, 1)⇥ Spin(5)R

(1) This is a new degree of freedom.  

This should lead to a kind of “G-structure” story for field 
theory. 



(2) The on-shell constraints imposed by string theory can 
almost certainly be relaxed. 


We expect enormously more SUSY backgrounds of this 
type than from pure metric backgrounds.   

(3) One gets new partition functions, which are 
computable by localization. 


To see this in our example, compactify the string on T^2 
and compute the elliptic genus for models with at least 
(0,2) world-sheet SUSY.   



(4) There should be versions of this story reducing from 
6->4, 6->3, 4->2 etc. 


Hopefully we can learn much more about supersymmetric 
field theory! 




