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Quantum Context

One-loop quantum corrections to General relativity in
4-dimensional spacetime produce ultraviolet divergences of
curvature-squared structure.
G. ’t Hooft and M. Veltman, Ann. Inst. Henri Poincaré 20, 69 (1974)

Inclusion of
R
d4x

p�g(↵Cµ⌫⇢�C
µ⌫⇢� + �R2) terms ab initio in

the gravitational action leads to a renormalizable D = 4 theory,
but at the price of a loss of unitarity owing to the modes arising
from the ↵Cµ⌫⇢�C

µ⌫⇢� term, where Cµ⌫⇢� is the Weyl tensor.
K.S.S., Phys. Rev. D16, 953 (1977).

[In D = 4 spacetime dimensions, this (Weyl)2 term is equivalent,
up to a topological total derivative via the Gauss-Bonnet theorem,
to the combination ↵(Rµ⌫R

µ⌫ � 1
3R

2)].
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Despite the apparent nonphysical behavior, quadratic-curvature
gravities continue to be explored in a number of contexts:

• Cosmology: Starobinsky’s original model for inflation was
based on a

R
d4x

p�g(�R + �R2) model.
A.A. Starobinsky 1980; Mukhanov & Chibisov 1981

This early model has been quoted (at times) as a good fit to
CMB fluctuation data from the Planck satellite.
J. Martin, C. Ringeval and V. Vennin, arXiv:1303.3787

• The asymptotic safety scenario considers the possibility that
there may be a non-Gaussian renormalization-group fixed
point and associated flow trajectories on which the ghost
states arising from the (Weyl)2 term could be absent.
S. Weinberg 1976, M. Reuter 1996, M. Niedermaier 2009
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Renormalization-group trajectories in coupling-constant space ending on a

non-Gaussian fixed point with finite gNewton and cosmological constant ⇤.

Niedermaier 2009
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Classical gravity with higher derivatives
We shall not try here to settle philosophical debates about various
attitudes that can be taken towards the implementation of
quantum corrections, but shall simply adopt a point of view taking
the higher-derivative terms and their consequences for gravitational
field-theory solutions seriously in the classical e↵ective action.

Accordingly, we shall consider the gravitational action

I =

Z
d4x

p�g(�R � ↵Cµ⌫⇢�C
µ⌫⇢� + �R2) .

The field equations following from this higher-derivative action are

Hµ⌫ = �

✓
Rµ⌫ � 1

2
gµ⌫R

◆
+

2

3
(↵� 3�)rµr⌫R � 2↵2Rµ⌫

+
1

3
(↵+ 6�) gµ⌫2R � 4↵R⌘�Rµ⌘⌫� + 2

✓
� +

2

3
↵

◆
RRµ⌫

+
1

2
gµ⌫

✓
2↵R⌘�R⌘� �

✓
� +

2

3
↵

◆
R2

◆
=

1

2
Tµ⌫
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Full nonlinear field equations for spherical symmetry
Use Schwarzschild coordinates
ds2 = �B(r)dt2 + A(r)dr2 + r2(d✓2 + sin2 ✓d'2)

The first equation contains the third-order derivative B(3) = B 000

(Written in an older parametrization. To obtain the new
parametrization, one should first substitute � ! � + 1

3↵, and then
↵ ! 2↵.)

3.2.1 Reduced equations displayed in full

Equation (22) is:

0 =

p
AB

16r2A5B4

✓
16(A � 1)A2B4(5↵ + (↵ � 2�)A � 14�) � 32r(↵ � 4�)A2B3B�

+4r2B2
⇣
7(3↵ � 8�)B2A�2 + 2AB (2(8� � 3↵)BA�� + (16� � 5↵)A�B�)

+A2
�
8(↵ � 4�)BB�� + (32� � 11↵)B�2� + 4�A4B2 � 4�A3B2

⌘

�4r3B
⇣
4ABB�� ((↵ � 4�)BA� + (↵ � 6�)AB�)

+B� ��7(↵ � 4�)B2A�2 + 4AB ((↵ � 4�)BA�� + �A�B�) � (↵ � 8�)A2B�2 + 4�A3B2
� ⌘

+r4(↵ � 2�)
⇣
6ABB�2 (A�B� � 2AB��)

+B2
��8AA�B�B�� + B�2 �

7A�2 � 4AA��� � 4A2B��2� + 7A2B�4
⌘

+B(3)
�
8r4(↵ � 2�)A2B2B� + 16r3(↵ � 4�)A2B3

� ◆
(24)

8
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The second equation contains the third-order derivative A(3) = A000:And equation (23) is:

0 =

p
AB

2r2A5B4 (2(↵ � 4�)B + r(↵ � 2�)B�)2

�

16(↵ � 3�)(↵ � 4�)(A � 1)A3(↵ + 2� + (↵ � 2�)A)B5

+16(↵ � 3�)A2B4
⇣
2(↵ � 4�)(�2↵ + 2� + (↵ � 2�)A)BA�

+(↵ � 2�)(A � 1)A(↵ + 2� + (↵ � 2�)A)B�
⌘
r

+4AB3
⇣

� 4�(↵ � 4�)�B2A4 � 4
���(↵ � 4�)�B2 + (↵ � 2�)2(↵ � 3�)B�2� A3

+(↵ � 3�)B� �4BA�(↵ � 2�)2 +
�
3↵2 � 4�↵ � 16�2

�
B�� A2

�2(↵ � 3�)B
��

3↵2 � 8�↵ + 8�2
�
A�B� � 2↵(↵ � 4�)BA��� A

�(↵ � 4�)(↵ � 3�)(5↵ + 8�)B2A�2
⌘
r2

+4(↵ � 4�)B2
⇣

+ 2(↵ � 2�)�B2B�A5 + 2(↵ � 2�)�B2B�A4

+
��4��A�B3 + 2(↵ + 4�)(↵ � 3�)B�B��B � (↵ � 3�)(3↵ + 4�)B�3� A3

+2(↵ � 3�)B
�
↵BB�A�� + A� �↵BB�� � 2(↵ + �)B�2�� A2

�↵(↵ � 3�)B2A� (5A�B� + 26BA��) A + 28↵(↵ � 3�)B3A�3
⌘
r3

+(↵ � 2�)B
⇣

� 4�B2
�
(↵ � 6�)B�2 � 2(↵ � 4�)BB��� A4

+
� � (↵ � 3�)(5↵ + 4�)B�4 + 8↵(↵ � 3�)BB��B�2 � 4(↵ � 2�)�B3A�B�

�4(↵ � 4�)(↵ � 3�)B2B��2�A3

+2(↵ � 3�)BB� �4↵BB�A�� + A� �(4� � 5↵)B�2 + 2(3↵ � 8�)BB���� A2

�(↵ � 3�)B2A�B� (3(7↵ � 4�)A�B� + 52↵BA��) A + 56↵(↵ � 3�)B3A�3B�
⌘
r4

�(↵ � 2�)2AB� �AB�2 + B (A�B� � 2AB��)
� ⇣

+ 2�A2B2 + (↵ � 3�)A�B�B

+(↵ � 3�)A
�
B�2 � 2BB���

⌘
r5

+
�
16r3↵(↵ � 3�)(↵ � 4�)A2B5 + 8r4↵(↵ � 2�)(↵ � 3�)A2B�B4

�
A(3)

�
(25)

9
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Separation of modes in the linearized theory
Solving the full nonlinear field equations is clearly a challenge. One
can make initial progress by restricting the metric to infinitesimal
fluctuations about flat space, defining hµ⌫ = �1(gµ⌫ � ⌘µ⌫) and then
restricting attention to field equations linearized in hµ⌫ , or equivalently
by restricting attention to quadratic terms in hµ⌫ in the action.

The action then becomes

ILin =

Z
d4x{�1

4
hµ⌫(2↵⇤ � �)⇤P(2)

µ⌫⇢�h
⇢�

+
1

2
hµ⌫ [6�⇤ � �]⇤P(0;s)

µ⌫⇢�h
⇢�} ;

P(2)
µ⌫⇢� =

1

2
(✓µ⇢✓⌫� + ✓µ�✓⌫⇢) � P(0;s)

µ⌫⇢�

P(0;s)
µ⌫⇢� =

1

3
✓µ⌫✓⇢� ✓µ⌫ = ⌘µ⌫ � !µ⌫ !µ⌫ = @µ@⌫/⇤ ,

where the indices are lowered and raised with the background metric
⌘µ⌫ .
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From this linearized action one deduces the dynamical content of
the linearized theory: positive-energy massless spin-two,
negative-energy massive spin-two with mass m2 = �

1
2 (2↵)�

1
2 and

positive-energy massive spin-zero with mass m0 = �
1
2 (6�)�

1
2 .

K.S.S. 1978

⇠⇠⇠
A simple model of what has happened can be made with a single
scalar field and a higher-derivative action coupled to a source J:

Ihd =

Z
d4x(�1

2@µ�@
µ�+ 1

2↵@µ�⇤@µ�+ J�)

Going over to momentum space kµ, one can solve for � and then
separate the propagator into partial fractions:

� =
J/↵

k2(k2 + 1/↵)
=

J

k2
� J

k2 + 1/↵

similar to the structure found in quadratic gravity, but without the
spin complications.
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For this scalar model system, one can introduce interpolating fields
 and � giving the same dynamics:

Iinterpolating =

Z
d4x(�1

2@µ @
µ + 1

2@µ�@
µ�+

1

2↵
�2 + J( + �))

Noting the opposite signs for the  and � kinetic terms in the
Lagrangian, one finds for � a momentum-space massive propagator
with m2

� = 1/↵ but with a nonstandard sign of the residue:

� =
�J

k2 + 1/↵

The interpretation of this nonstandard sign for the massive
interpolating field � presents a devil’s alternative. Supply a ±i✏
shift in the denominator in order to make the inverse Fourier
transform unambiguous,

� =
�J

k2 + 1/↵± i✏
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The ±i✏ sign choice with the negative-residue propagator for �
amounts, in the Feynman-ordered inverse Fourier transform, to a
choice between negative-energy states with positive norm in the
state vector space, or positive-energy states with negative norm in
the state vector space (aka “ghosts”) . It is such ghosts that one
hopes might be avoided by a careful treatment in the asymptotic
safety program.

Im(k )0

Re(k )0>>

k =  (1-iϵα/2)
1
α√
_0

(-)

1
α√
_0k =   (-1+iϵα/2)

(-)

1
α√
_0k =   (-1-iϵα/2)

(+)

k =  (1+iϵα/2)1
α√
_0

(+)

Inverse-Fourier transform ±i✏ choices for a negative-residue propagator
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Static and spherically symmetric solutions
Now we come to the question of what happens to spherically
symmetric gravitational solutions in the higher-curvature theory.
Work in Schwarzschild coordinates

ds2 = �B(r)dt2 + A(r)dr2 + r2(d✓2 + sin2 ✓d'2)

In the linearized theory, one then finds the general solution to the
source-free field equations HL

µ⌫ = 0, where
C ,C 2,0,C 2,+,C 2,�,C 0,+,C 0,� are integration constants:

A(r) =

1 � C 20

r
� C 2+ em2r

2r
� C 2� e�m2r

2r
+ C 0+ em0r

r
+ C 0� e�m0r

r
+1

2C
2+m2e

m2r � 1
2C

2�m2e
�m2r � C 0+m0e

m0r + C 0�m0e
�m0r

B(r) =

C +
C 20

r
+ C 2+ em2r

r
+ C 2� e�m2r

r
+ C 0+ em0r

r
+ C 0� e�m0r

r
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• As one might expect from the dynamics of the linearized
theory, the general static, spherically symmetric solution is a
combination of a massless Newtonian 1/r potential plus rising
and falling Yukawa potentials arising in both the spin-two and
spin-zero sectors.

• When coupling to non-gravitational matter fields is made via
standard hµ⌫Tµ⌫ minimal coupling, one gets values for the
integration constants from the specific form of the source
stress tensor. Requiring asymptotic flatness and coupling to a
point-source positive-energy matter delta function
Tµ⌫ = �0µ�

0
⌫M�3(~x), for example, one finds

A(r) = 1 + 2M
8⇡�r � 2M(1+m2r)

12⇡�
e�m2r

r � 2M(1+m0r)
48⇡�

e�m0r

r

B(r) = 1 � 2M
8⇡�r +

2M
6⇡�

e�m2r

r � 2M
24⇡�

e�m0r

r

with specific combinations of the Newtonian 1/r and falling
Yukawa potential corrections arising from the spin-two and
spin-zero sectors.
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Note that in the Einstein-plus-quadratic-curvature theory, there is
no Birkho↵ theorem. For example, in the linearized theory, coupling
to the stress tensor for an extended source like a perfect fluid with
pressure P constrained within a radius ` by an elastic membrane,

Tµ⌫ = diag[P , [P�1
2`�(r�`)]r2, [P�1

2`�(r�`)]r2 sin2 ✓, 3M(4⇡`3)�1] ,

one finds for the external B(r) function

B(r) = 1 � 2M

8⇡�r
+
2e�m2r

�r

⇢
M

2⇡`3


` cosh(m2`)

m2
2

� sinh(m2`)

m3
2

�

�P


sinh(m2`)

m3
2

� ` cosh(m2`)

m2
2

+
`2 sinh(m2`)

3m2

��

�
2e�m0r

2�r

⇢
M

4⇡`3


` cosh(m0`)

m2
0

� sinh(m0`)

m3
0

�

�P


sinh(m0`)

m3
0

� ` cosh(m0`)

m2
0

+
`2 sinh(m0`)

3m0

��

which limits to the point-source result as ` ! 0.
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Frobenius Asymptotic Analysis

Asymptotic analysis of the field equations near the origin leads to
study of the indicial equations for behavior as r ! 0. K.S.S. 1978

Let

A(r) = asr
s + as+1r

s+1 + as+2r
s+2 + · · ·

B(r) = btr
t + bt+1r

t+1 + bt+2r
t+2 + · · ·

and analyze the conditions necessary for the lowest-order terms in
r of the field equations Hµ⌫ = 0 to be satisfied. This gives the
following results, for the general ↵, � theory:

(s, t) = (1, �1) with 4 free parameters

(s, t) = (0, 0) with 3 free parameters

(s, t) = (2, 2) with 6 free parameters

Lü, Perkins, Pope & K.S.S., in preparation
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Now suppose one puts an “egg-shell” �-function source at some
small distance ✏ from the origin. Consider solving these sourced
equations, similarly to the linearized theory analysis. Inside the
shell, the solution can only be of the (0,0) nonsingular type, which
needs no source. Suppose that outside one has a solution that
would be of (2,2) type if one continued it all the way in to r = 0.

Count parameters: 3 inside + 6 outside = 9 initially. However,
there are 6 continuity and ‘jump’ conditions coming from the field
equations. So one really has 9-6=3 parameters still free. These 3
so-far unfixed parameters are just what is needed for 2 boundary
conditions at infinity, to eliminate the rising exponential solutions,
plus the ‘trivial’ parameter that is fixed by requiring g00 ! �1 as
r ! 1.

Conclusion: the exterior (2,2) solution works well with a source in
the full non-linear theory. Exterior (1,-1) and (0,0) solutions would,
however, be overdetermined. So coupling to a standard
positive-energy source works only in the (2,2) family.

16 / 34



No-hair Theorems and Horizons
W. Nelson, Phys.Rev. D82 (2010) 104026; arXiv:1010.3986; H. Lü, A. Perkins, C.N. Pope & K.S.S., in preparation

• For � > 0 (i.e. for non-tachyonic m2
0 > 0), take the trace of

the Hµ⌫ = 0 field equation:
⇣
⇤ � �

6�

⌘
R = 0. Then multiply

by �
1
2R and integrate with

R p
h over a 3D spatial slice at a

fixed time, on which hab is the 3D metric and � = �tatbgab is
the norm of the timelike Killing vector ta orthogonal to the
slice. Integrating by parts, one obtains

Z
d3x

p
h[Da(�

1
2RDaR) � �

1
2 (DaR)(DaR) � m2

0�
1
2R2] = 0

where Da is a 3D covariant derivative on the spatial slice.

From this, provided the boundary term arising from the total
derivative gives a zero contribution, and for m2

0 > 0, one
learns R = 0. The boundary at spatial infinity gives a
vanishing contribution provided R ! 0 as r ! 1.

• The inner boundary at a horizon null-surface will give a zero
contribution since � = 0 there.
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Consequently, for asymptotically flat solutions with a horizon, one
concludes that one must have R = 0. This already excludes the
possibility of the scalar m0 Yukawa correction found in the limit as
r ! 1. So, for solutions that do have such a scalar Yukawa
correction to the classic GR behavior, one directly concludes:
there can be no horizon.

What about the non-trace part of the field equation and the
spin-two m2 Yukawa corrections? Nelson’s paper would have
allowed one to make a similar conclusion for the rest of Rµ⌫ .
Unfortunately, detailed analysis of his paper shows that it has a
fundamental flaw: instead of a sum of squares of the same sign,
one gets squares of opposite signs. Lü, Perkins, Pope & K.S.S., in preparation
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If one assumes the existence of a horizon, one can carry out a
similar expansion and parameter count to the ones made near the
origin. Assuming asymptotic flatness at infinity, one obtains R = 0
as above. The field equations then become identical to those in
the special � = 0 case, i.e. with just a (Weyl)2 term and no R2

term in the action.

Counting parameters in the expansion around the horizon, subject
to the R = 0 condition, one finds 3 parameters. This is the same
count as in the (1,-1) family of the expansion around the origin
when subjected to the R = 0 condition. So asymptotically flat
solutions with a horizon must belong uniquely to the (1-1) family,
which contains the Schwarzschild solution itself. The
Schwarzschild solution is characterized by two parameters: the
mass M of the black hole, plus the trivial g00 normalization at
infinity. So in the higher-derivative theory, there is just one
“non-Schwarzschild” (1,-1) parameter.
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Away from Schwarzschild in the (1,-1) family
Lü, Perkins, Pope & K.S.S., in preparation

Considering variation of this “non-Schwarzschild” parameter away
from the Schwarzschild value, it is clear that changing it has to do
something to the solution at infinity. For a solution assumed to
have a horizon, and holding R = 0, the only thing that can happen
initially is that the rising exponential is turned on, i.e. asymptotic
flatness is lost. So, for asymptotically flat solutions with a horizon
in the vicinity of the Schwarzschild solution, the only spherically
symmetric static solution is Schwarzschild itself.

This conclusion is formalized by considering infinitesimal variations
of a solution away from Schwarzschild and proving a no-hair
theorem for the linearized equation in the variation. This can
successfully be done for coe�cients ↵ that are not too large (i.e.
for spin-two masses m2 that are not too small). One concludes
that the Schwarzschild black hole is at least in general isolated as
an asymptotically flat solution with a horizon.
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Non-Schwarzschild Black Holes

Lü, Perkins, Pope & K.S.S., PRL 114, 171601 (2015); arXiv 1502.01028

Now the question arises what happens when one moves a finite
distance away from Schwarzschild in terms of the (1,-1)
non-Schwarzschild parameter. Does the loss of asymptotic flatness
persist, or does something else happen, with solutions arising that
cannot be treated by a linearized analysis in deviation from
Schwarzchild?

This can only be answered numerically. In consequence of the
trace no-hair theorem, the assumption of a horizon together with
asymptotic flatness requires R = 0 for the solution, so the
calculations can e↵ectively be done in the R � C 2 theory with
� = 0, in which the field equations thankfully can be reduced to a
system of two second-order equations.
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The study of non-Schwarzschild solutions is more easily carried out
with a metric parametrization

ds2 = �B(r)dt2 +
dr2

f (r)
+ r2(d✓2 + sin2 ✓d�2) ,

i.e. by letting A(r) = 1/f (r).

For B(r) vanishing linearly in r � r0 for some r0, analysis of the
field equations shows that one must then also have f (r) similarly
linearly vanishing at r0, and accordingly one has a horizon. One
can thus make near-horizon expansions

B(r) = c
h
(r � r0) + h2 (r � r0)

2 + h3 (r � r0)
3 + · · ·

i

f (r) = f1 (r � r0) + f2 (r � r0)
2 + f3 (r � r0)

3 + · · ·
and the parameters hi and fi for i � 2 can then be solved-for in
terms of r0 and f1. For the Schwarzschild solution, one has
f1 = 1/r0, so it is convenient to parametrize the deviation from
Schwarzschild using a non-Schwarzschild parameter � with

f1 =
1 + �

r0
.
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The task then becomes that of finding values of � 6= 0 for which
the generic rising exponential behavior as r ! 1 is suppressed.
What one finds is that there do indeed exist asymptotically flat
non-Schwarzschild black holes provided the horizon radius r0
exceeds a certain minimum value rmin

0 . For ↵ = 1
2 , one finds the

following phases of black holes:

0.8 1.0 1.2 1.4
r0

-1.0

-0.5

0.5

M

Black-hole masses as a function of horizon radius r0, with a branch point

at rmin
0 ' 0.876; the dashed line denotes Schwarzschild black holes and

the solid line denotes non-Schwarzschild black holes.
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Properties of the non-Schwarzschild black holes
One can see from the mass M versus horizon radius r0 that there is
a maximum mass Mmax = 1

2 r
min

0 > 0 for the non-Schwarzschild
branch of black holes. The non-Schwarzschild black hole is found
to have a spin-two falling g00 Yukawa term � c2�

r e�m2r with a
coe�cient c2� that is of the same sign as M. This sign is opposite
to that expected from the linearized theory’s coupling to a standard
positive-energy shell source. Otherwise, the solution extending
from the origin out to spatial infinity looks generally similar to the
Schwarzschild black hole and belongs to the (1,-1) solution class.

1 2 3 4
r

-1.5

-1.0

-0.5

0.5

(B(r),f(r))

Non-Schwarzschild black hole for M ⇠ .276 with a horizon at r = 1. The

dashed line denotes B(r) and the solid line denotes f (r) = 1/A(r). 24 / 34



Note that the mass M of the non-Schwarzschild black hole
decreases as r0 increases. Consequently, there is a horizon radius
rm=0

0 ' 1.143 at which it becomes massless. The relation between
the mass M and the Hawking temperature T is shown by

0.10 0.15 0.20 0.25
T

-0.6

-0.4

-0.2

0.2

0.4

0.6

M

Non-Schwarzschild black hole mass M as function of temperature T . The

dashed line denotes Schwarzschild black holes and the solid line denotes

non-Schwarzschild black holes

The specific heat C = @M/@T is negative for both Schwarzschild
and non-Schwarzschild black holes. At a given temperature T ,
C is more negative for the non-Schwarzschild black hole.
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(2,2) solutions without horizons
For asymptotically flat solutions with spin-two Yukawa coe�cient
c2� < 0, i.e. of the same sign as that found in the linearized theory
when coupled to positive-energy sources, one finds instead
numerical solutions that can continue on in to mesh with the (2,2)
family obtained from Frobenius asymptotic analysis around the
origin. Such solutions have no horizon; they were investigated
numerically in the theory with m2 = m0 (i.e. ↵ = 3�) by Bob
Holdom. B. Holdom, Phys.Rev. D66 (2002) 084010; hep-th/0206219

A!r "!a2r2"a3r3"a4r4" #
n$5

anrn,

B!r "!b2r2"
a3
a2
b2r3"

6a2a4"a3
2"2a2

3

8a2
2 b2r4" #

n$5
bnrn.

!8"

We shall be concerned with a2 ,b2#0, where b2 is sensitive
to a rescaling of t. The existence of these solutions up to r3
was shown in %2&. We have found that these are 5 parameter
solutions where the parameters (a2 ,a3 ,a4 ,a5 ,b5) determine
(an ,bn) for n$6, for a given action. The leading behavior
of the curvature invariants %R ,R'(R'(,R'()*R'()*]
is %(22a3a2
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3$60b5a2
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2)/(4a2
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12/(a2

2r8),24/(a2
2r8)], to be compared with %0, 0, +1/r6] for

the Schd solution. We note here that any nonsingular mass
distribution only affects (an ,bn) for n$10.
It is an interesting coincidence that there are five param-

eters here, just as in the linearized gravity solutions. This
lends support to the idea that full solutions exist which join
together the strong gravity small r solutions with the weak
gravity large r solutions. A numerical verification is made
somewhat difficult by the existence of exponentially growing
solutions at large r, and by the extremely singular behavior
of the equations at small r away from the exact solutions. In
particular, a numerical analysis based on the initial value
problem at r!0 is not feasible. Instead the following strat-
egy was adopted.
At some finite r0 in the weak gravity region initial condi-

tions are chosen so as to deviate only very slightly from the
Schd solution, and the equations are numerically integrated
for r both larger and smaller than r0. The Yukawa potential
modes are induced and they grow for decreasing r. This can
cause the solution to deviate significantly from the Schd so-
lution around the would-be horizon region, and rather than
changing sign, both A(r) and B(r) can stay finite and posi-
tive throughout this region and down to r!0. The initial
conditions at r0 are then finely tuned so that A(r) and B(r)
near r!0 take the form of the known solution in Eq. !8" to
O(r4).
Additional fine tuning is needed to remove the unwanted

modes that grow exponentially with r. But it is easier just to
repeat the whole process for a larger r0 where the required
deviation from the Schd solution is smaller; then the ampli-
tude of the unwanted modes is smaller and a sensible nu-
merical solution extends out to larger r. It appears that the
extent to which one can push this is a purely numerical limi-
tation, and that these numerical results are sufficient to dem-
onstrate the existence of exact solutions of this type.
We display one of these numerical vacuum solutions in

Fig. 1, where we plot the functions $ln„A(r)… and ln„B(r)….
These functions coincide !after a suitable rescaling of t) with
each other and with the Schd solution in the weak gravity
region, exterior to the would-be horizon. We have chosen a
!G/2 and b!$G in Eq. !7" to simplify the equations some-
what !corresponding, in the linearized theory, to equal
masses for the two massive modes", but the basic properties

of the solutions are independent of this choice. The mass M
as deduced by the large r behavior in this example is
10G$1/2. Larger M has also been considered and there does
not seem to be any limitation, other than numerical, to re-
cover arbitrarily large mass solutions.
The new solutions have no horizon and a singularity at the

origin. Their interior form, and the point where deviation
from the Schd solution occurs, is not uniquely determined by
M. This is as expected given the additional parameters gov-
erning the strength of the Yukawa potentials in the exterior
solution, and the five parameters in Eq. !8". We also find that
a2+G$3M $4, which is consistent with the curvature in-
variant R'()*R'()* being of Planck size close to the
would-be horizon, even for a large mass object. Of course
this is how the usual arguments for the existence of a horizon
are avoided, since the uniqueness of the Schd solution relies
on small curvatures and the applicability of general relativity
down to radii well within the horizon.
This solution is intriguing, but it is occurring in a theory

arbitrarily truncated in derivatives, and the solution involves
a region of high curvature where higher derivative terms
would be important. On the other hand, the Schd solution
suffers from exactly the same problems. As in that case one
may want to presume that the higher derivative terms being
ignored would serve to smooth out the singularity at the
origin while retaining the main qualitative feature, the fact
that the transition between weak and strong gravity has
moved out to the would-be horizon radius.

IV. NONSINGULAR SOLUTIONS

We shall now turn to the nonsingular solutions of the 2
"4 derivative theory, where additional insights will
emerge.3 A spherically symmetric nonsingular matter distri-
bution will act as a source for these solutions. We choose to

3We keep in mind though that these solutions need not be truly
representative of the nonsingular solutions in theories with even
more derivatives.

FIG. 1. A solution of the 2"4 derivative theory with no horizon
and a singularity at the origin, which matches onto the Schd solu-
tion with M!10 close to its horizon at r!20 !in units with G
!1). A(r) and B(r) exhibit an r2 dependence near r!0.
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Horizonless solution with c1 < 0, behaving as r2 in both A(r) and B(r) as

r ! 0.
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I There is no horizon in this set of minimally-coupled,
Yukawa-corrected solutions. Solutions asymptotically
approach the Schwarzschild solution for large r , but di↵er
strikingly in what would have been the inner-horizon region.

I This is in accord with generic conclusions from the parameter
count for solutions with horizons and from the linearized
no-hair theorems. Generic asymptotically free solutions have
to break free from the parameter-count restriction (three) for
solutions with horizons, and need the full parameter set (six)
found for (2,2) family solutions. For a generic R � C 2 + R2

theory solution, there will be both spin-two and spin-zero
falling Yukawa terms as one approaches spatial infinity.
Together with the trivial time-rescaling parameter and the
mass M, this makes four welcome parameters. One then needs
two more solution parameters to ensure cancellation of the
unwelcome rising spin-two and spin-zero exponential terms.
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I Finding such horizon-free solutions is computationally
intricate. The most secure way to find them is to use the
shooting method coming in from large radii, started out using
the linearized solutions at spatial infinity and then matching
on to a shooting solution integrated outwards, started out
using the (2,2) family series solution near the origin.

I Although there is a curvature singularity at the origin in the
(2, 2) class of solutions (e.g. for this class, one has
Rµ⌫⇢�R

µ⌫⇢� = 20a�2
2 r�8 + · · · ), this is a timelike singularity,

unlike the spacelike singularity of the Schwarzschild solution.
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Stability Issues

What does this all mean for “physical” black holes? The above
static analysis does not yet consider the issue of stability, i.e. what
happens to time-dependent solutions obtained from perturbations
away from the static solutions. Since no closed-form version of the
exact non-Schwarzschild (1,-1) or (2,2) solutions is available, this
is not an easy question to address. However, one can get some
information by considering the stability of the Schwarzschild
solution itself within the higher-derivative theory.

I In the R + R2 theory, study of the normal modes about the
Schwarzschild solution shows it to be stable. This is perhaps
not surprizing, since that theory is classically equivalent to
ordinary Einstein gravity plus a scalar field with a peculiar
potential, for which the ordinary GR stability considerations
and no-hair theorem should apply. Whitt, Starobinsky
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I When the (Weyl)2 term is present in the action, however, the
stability situation is di↵erent: there may be a phase structure,
depending on the value of µ = m2M

M2
Pl
, where m2 is the spin-two

particle mass, M is the mass of the black hole and M
Pl

is the
Planck mass. For µ � 1, i.e. “largeish” black holes, one
obtains stability for the Schwarzschild solution. For µ  1, on
the other hand, stability is not guaranteed.

I This was studied by Brian Whitt Phys. Rev. D32 (1985) 379 , who
showed that the R + (Weyl)2 theory should be stable for
µ � 0.44 but raised the question of whether an instability
could set in for µ < 0.44. Indeed, he suggested that there
could be a bifurcation of the spherically symmetric solution
set into two branches at this value.
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I Whitt’s detailed calculation seemed to show, nonetheless, that
there was still no instability, at least in a static perturbation
analysis (i.e. for k = 0 momentum modes).

I This analysis has, however, been challenged in a paper by Y.S.
Myung Phys.Rev. D88 (2013) 2, 024039; arxiv:1306.3725 who argues that Whitt
did not do the Schwarzschild stability analysis properly and
instead does find, from a nonstatic k 6= 0 analysis, an
instability of the Schwarzschild solution for µ < O(1). This is
similar to Schwarzschild instabilities found in massive gravity
theories Babichev & Fabbri; Brito, Cardoso & Pani

This raises the possibility of a phase structure for black hole
solutions in higher-derivative gravity. The entropy of a
non-Schwarzschild black hole of a given mass turns out to be less
than that of the Schwarzschild black hole of the same mass. So
could there be a hierarchy of stabilities involving the Schwarzschild
and non-Schwarzschild black holes and the (2,2) solution with a
naked singularity?

31 / 34



32 / 34



R + R2 theory

The massive spin-two ghost can be eliminated at the classical level
by setting ↵ ! 0+, for which m2 ! 1. Choosing � > 0 makes
the spin-zero mode non-tachyonic, and the resultingR
d4x

p�g(�R + �R2) theory is equivalent to GR coupled to a
non-ghost scalar field. This remains true at the full nonlinear level
B. Whitt 1984 , with an action (including also a cosmological term)

IR+spin zero =

Z
d4x

p�g(�R + �R2 � 2⇤)

$
Z

d4x
p�g(�R

�6�2(1 + 2��)�2(rµ�rµ�+
1

6�
�2 +

1

3�2
⇤))
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• One can redefine the scalar field � = (e�̃/
p
3 � 1)/2� in order

to produce a scalar Lagrangian with a canonical kinetic term
and a transformed potential �1

2rµ�̃rµ�̃� V (�̃), where

V (�̃) =
1

4�
(1 � e��̃/

p
3)2 + 2⇤e�2�̃/

p
3

• It is thus clear that, for large �̃, the potential V (�̃) becomes
very flat. This was the reason for the attractiveness (at times)
of the

R
d4x

p�g(�R + �R2) theory for inflation purposes.
A.A. Starobinsky 1980; Mukhanov & Chibisov 1981

The coe�cient � sets the scale for the potential. Restoring a
1/2 coe�cient for the Einstein-Hilbert action

R p�gR , the
mass of the scalar mode is m2

0 = (62�)�1; applications for
inflation typically take this mass scale to be something like
10�6 of the Planck scale.
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