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Introduction

Supergravity solutions (vacua)

N = 1 M-theory on �
1,2 ×M8

Effective actions

3d effective action of M-theory onM8

M8 is a CY fourfold

N = 1 four-flux

Motivation

More general four-flux keeping CY geometry

More general F-theory vacua



Supergravity and SU (4) structures

G structures

Reduction of the structure group (topology)

Invariant tensors/spinors

Intrinsic torsion

Torsion classes (geometry)

Susy imposes restrictions on torsion classes



Supergravity and SU (4) structures

SU (4) reduction

Existence of (g , I ) with c1 = 0

Existence of (g , Ù) with Ù pure & nowhere-vanishing

Necessary condition

ç(M8) =
1

2

∫

M8

(p2 −
1

4
p2
1 )



Supergravity and SU (4) structures

SU (4) structure onM8

Ò complex decomposable four-form

J real two-form

Ò ∧ J = 0 & Ò ∧Ò ∗ = 2

3
J ∧ J ∧ J ∧ J

Link with supergravity

× ∼ Ø ⊗ Ù
Ò ∼ ÙÕ(4)Ù & J ∼ Ù†Õ(2)Ù



Supergravity and SU (4) structures

Torsion classesW1, . . .W5

dJ =W1yÒ
∗ +W3 +W4 ∧ J + c.c.

dÒ =
8i

3
W1 ∧ J ∧ J +W2 ∧ J +W ∗5 ∧Ò

whereW1,W4,W5 ∼ 4 andW2,W3 ∼ 20

Spinor language

∇mÙ =
(

3

4
W4m −

1

2
W5m − c.c.

)

Ù+
i

24
Ò
∗
mnklW

n
1 Õ

klÙ

+
(

− i

16
W2mkl −

1

32
ÒmnklW

n∗
4 +

i

64
W ∗3mnpÒ

np
kl

)

ÕklÙc



Supergravity and SU (4) structures

Link with supergravity

Susy vacuum

∇Ù− F ·ÕÙ = 0

impliesW ·ÕÙ ∼ F ·ÕÙ
Conditions for vacuum↔ Conditions onWi , F

Geometrical problem



N = 1 M-theory on CY fourfolds

Metric

ds2 = e
4
3Ads2(� 1,2) + e−

2
3Ads2(M8)

Four-flux

F = vol3 ∧ d(e2A ) +G ; G = g
(

J ∧ J +
6

|Ò | ReÒ
)

+g (2,2)

Susy integrability

dG = d ∗8 G = 0

−d ∗8 de−2A +
1

2
G ∧G = (2á)2

(

X8 −
NM2
¼

i=1

Ö(8)(y − yi )vol8
)



N = 1 M-theory on CY fourfolds

Comparison withN = 2

G need not be (2,2)-primitive

Large-volume compactification

V
1
8 = 1; l << 1

A is constant up to O(l6)
G satisfies:

1

8á2l6

∫

M8

G ∧G +NM2 =
ç(M8)

24

[G ]

2ál3
− c2

2
∈ H4(M8,� ) .



Effective 3dN = 2 supergravity

M-theory on Calabi-Yau fourfolds

3dN = 2 effective sugra

Partially susy-beaking vacua of 3dN = 2 sugra

Below the susy-breaking scale

3dN = 1 effective sugra



Effective 3dN = 2 supergravity

Expansion in light modes

Bosonic moduli of the vacuum: Ð := (MA ,ZÓ,AA
Þ ,N

I )

Fluctuations: Ð −→ Ð(x) := Ð̊ + ÖÐ(x)

N = 2 supermultiplets

gravity:
(

gÞß;çÞ

)

vector:
(

AA ,MA ;ÝA
)

scalar:
(

N I ,ZÓ;ÝI ,ÝÓ
)



Effective 3dN = 2 supergravity

Metric moduli

Kähler deformations: J = V
´h1,1

A=1M
AeA

Complex-structure deformations:

Ögāb̄ = 1
3|Ò |2

´h3,1

Ó=1 ÖZ
Ó
Ò
∗cde

āÐÓ,cdeb̄ (y)

Flux moduli

Three-form: C = C (1) + 1√
2

(

´h2,1

I=1 N I
ÑI + c.c.

)

+
´h1,1

A=1AA ∧ eA

where dC (1) = g
(

J̊ ∧ J̊ + 6

|Ò̊ | ReÒ̊
)

+g (2,2)



Effective 3dN = 2 supergravity

Fermionic moduli

èm =

h2,1
¼

I=1

(

ÝI
Ñ

mnp
I ÕnpÙ

c +ÝIc
Ñ̄

mnp
I ÕnpÙ

)

+

h3,1
¼

Ó=1

(

ÝÓ
Ð

mpqr
Ó Ò̂

∗n
pqrÕnÙ+ÝÓc

Ð̄
mpqr
Ó Ò̂

n
pqrÕnÙ

c
)

+

h1,1
¼

A=1

(

ÝAemn
A ÕnÙ+ÝAcemn

A ÕnÙ
c
)

;

èÞ = çÞÙ+çc
ÞÙ

c .



Effective 3dN = 2 supergravity

Eleven-dimensional action

S = Sb +S f +O(l6) ;

Sb =
1

2Ü2

∫

d11x
√−g

[

R (g)− 1

2
G2

]

− 1

12Ü2

∫

C ∧G ∧G ;

S f =
1

2Ü2

∫

d11x
√−g

[

2è̃MÈ
MNR∇NèR

− 1

48
(è̃MÈ

MNPQRSèN +12è̃P
È
QRèS )GPQRS + · · ·

]

;



Effective 3dN = 2 supergravity

Bosonic 3dN = 2 effective action

S3 =
1

2Ü2

∫

d3x
√−g

[

R − ĜAB (�ßM̂
A�ßM̂B +

1

2
FA
ÞßF

BÞß)

−2GÓÔ̄�ßZ
Ó�ßZ̄Ô −2GI J̄DÞN

IDÞN̄J

− 1

2
êÞßâdAI J̄AA

ÞDßN
IDâN̄

J + êÞßâÊABAA
Þ F

B
ßâ

]

+O(l6) ,

where:

DN I := dN I +dZÓNJãÓJI +dZ̄ÓN̄J ǟÓ̄J̄ I ,

�ÓÑ
I = ãÓIK (Z , Z̄ )Ñ

K + äÓI K̄ (Z , Z̄ )Ñ̄
K ; �ÓÑ̄

I = 0 .



Effective 3dN = 2 supergravity

Moduli space metrics

ĜAB :=
V

2

∫

⋆eA ∧ eB

= −1
2
�̂A �̂B lnV (M̂ ) = V2GAB ;

GI J̄ :=
1

4V

∫

⋆Ñ I ∧ Ñ̄ J

= − i
4
M̂AdAI J̄ ; where dAI J̄ :=

∫

eA ∧ÑI ∧ Ñ̄J ;

GÓÔ̄ :=
1

V |Ò |2
∫

⋆ÐÓ ∧ Ð̄Ô

= −�Ó�̄Ô ln
∫

Ò ∧Ò ∗ .



Effective 3dN = 2 supergravity

Embedding tensor

ÊAB :=
1

4

∫

G (1) ∧ eA ∧ eB

=
1

2
�A�BT ,

where

T :=
1

4

∫

G (1) ∧ J ∧ J .



Effective 3dN = 2 supergravity

Projector

RA
B := ÖBA −

VAM
B

V
,

satisfies:

R2 = R ; MARA
B = 0 ; RA

BVB = 0 ,

where

VA := �AV .



Effective 3dN = 2 supergravity

Field projections

Ý :=
VA

V
ÝA ; Ý′B := ÝARA

B ; VAÝ
′A = 0 ;

A :=
VA

V
AA ; A′A :=ABRB

A =AA −AMA .

Fermion expansion

ÝAeA = Ý′Ae ′A +ÝJ ,

where

e ′A := eA −
VA

V
J ; e ′A ∧ J ∧ J = 0 .



Masses at theN = 1 vacuum

Gravitino super-Higgs mechanism

S3=

∫

d3xV
[

(ç̃′−Þ ÕÞßâ�ßç
′−
â ) + 3223(Ý̃+Õß�ßÝ

+)

+6g(ç̃′−Þ ÕÞßç′−ß ) + 2432g(Ý̃+Õßç′−ß )−2434g(Ý̃+Ý+) + · · ·
]

,

where

ç′Þ = çÞ +8iÕÞÝ ; Ú+ := Ú +Úc ; Ú− := −i (Ú −Úc ) .



Masses at theN = 1 vacuum

Gravitino super-Higgs mechanism

After Weyl rescaling: gÞß→ V−2gÞß ; çÞ→ V−
1
2çÞ ,

S3 =

∫

d3x
[

(ç̂ÞÕ
Þßâ�ßç̂â) + 6gV−1(ç̂ÞÕ

Þßç̂ß) + · · ·
]

,

where

ç̂Þ := ç′−Þ +
1

g
�ÞÝ

+ −6ÕÞÝ+ .

Gravitino mass:

mç̂ = 6gV−1 .



Masses at theN = 1 vacuum

Vector super-Higgs mechanism

S3 =

∫

d3x
(

− 1

2
V2GABF

A
ÞßF

BÞß + êÞßâÊABAA
Þ F

B
ßâ + · · ·

)

,

where

ÊAB =Ê
′
AB −gV

(

G ′AB −6
VAVB

V2

)

;

Ê
′
AB :=

1

4

∫

g (2,2) ∧ eA ∧ eB ;

G ′AB := RA
CRB

DGCD = GAB −2
VAVB

V2
.



Masses at theN = 1 vacuum

Vector Super-Higgs mechanism

S = V2

∫

d3x
[

−FÞßFÞß +6gV−1êÞßâAÞFßâ

−1
2
G ′ABF

′A
ÞßF

′BÞß +V−2(Ê′AB −gVG ′AB )êÞßâA′AÞ F ′Bßâ + · · ·
]

,

Massive 3d vector

L = −FÞßFÞß +mêÞßâAÞFßâ

Mass degeneracy:

mA = 6gV−1 =mç̂ .



Masses at theN = 1 vacuum

Ý′A masses

After Weyl rescaling: gÞß→ V−2gÞß ; Ý′A → V
1
2Ý′A

S =

∫

d3x
√−g(3)

(

1

2
G ′AB [(Ý̃

′A+Õß∇ßÝ′B+) + (Ý̃′A−Õß∇ßÝ′B−)]

−V−2(Ê′AB −gVG ′AB )(Ý̃′A+Ý′B+)

−V−2(Ê′AB −2gVG ′AB )(Ý̃′A−Ý′B−) + · · ·
)

,

Mass degeneracies:

mA′ =mÝ′+ .



Masses at theN = 1 vacuum

ÝÓ masses

L ∼ (Ð̄Ó̄ ·ÐÔ)
[

(Ý̃ÓcÕß∇ßÝÔ) + 3g(Ý̃ÓcÝÔ)
]

+
1

128
Ð

pqij
Ó Ð

rskl
Ô Ò̂

∗
ijklg

(2,2)
pqrs (Ý̃

ÓÝÔ) + c.c. .



Effective 3dN = 1 supergravity

Massive supermultiplets

gravitino :
(

ç̂Þ;AÞ

)

; vector :
(

A′AÞ ;Ý′A+
)

;

scalar :
(

ZÓ;ÝÓ
)

,
(

M̂ ′A ;Ý′A−
)

.

Massless supermultiplets

gravity :
(

gÞß;ç
′+
Þ

)

; scalar :
(

N I ;ÝI
)

,
(

V ;Ý−
)

.

Weyl rescalings

gÞß→ V−2gÞß ; ç′+Þ → V−
1
2ç′+Þ ;

Ý−→ 3−12−
3
2V

1
2Ý− ; ÝI → 2−

7
2V

1
2ÝI ,



Effective 3dN = 1 supergravity

3dN = 1 action

1

2Ü2

∫

d3x
√−g(3)

{

R − 9

8
�Þ lnV�

Þ lnV −2GI J̄�ÞN
I�ÞN̄J

+(ç̃′+Þ ÕÞßâ∇ßç′+â )− (Ý̃−Õß∇ßÝ−) + 2GI J̄ (Ý̃
IÕß∇ßÝJc )

− 3i

2
√
2
�Þ lnV (Ý̃

−ÕßÕÞç′+ß )

+
[

GI J̄ (Ý̃
IÕÞÕßç′+Þ )�ßN̄

J − i√
2
GI J̄ (Ý̃

−ÕÞÝI )�ÞN̄
J + c.c.

]

}

.

where

MA =
(

V

V̊

)
1
4

M̊A ; M̊A M̊BGAB = 2

(

V̊

V

) 1
2

.



Effective 3dN = 1 supergravity

Moduli-space geometry

U :=
3

2
√
2
lnV ; HI J̄ := e

U√
2GI J̄ = const .

Metric:

GUUÖU2 +2GI J̄ÖN IÖN̄J = ÖU2 +2e
− U√

2HI J̄ÖN
IÖN̄J .

Christoffels:

È
U
I J̄

=
1

2
√
2
ĜI J̄ ; È

I
UJ = È

Ī
U J̄

= − 1

2
√
2
ÖIJ .



Effective 3dN = 1 supergravity

3dN = 1 action

1

2Ü2

∫

d3x
√−g(3)

{

R −GUU�ÞU�ÞU −2GI J̄�ÞN I�ÞN̄J

+(ç̃′+Þ ÕÞßâ∇ßç′+â ) +GUU (Ý̃−Õß∇ßÝ−)
+2GI J̄ (Ý̃IÕß∇ßÝJc ) +GUU (Ý̃−ÕßÕÞç′+ß )�ÞU

+
[

GI J̄ (Ý̃IÕÞÕßç′+Þ )�ßN̄
J +GUUÈUI J̄ (Ý̃

−ÕÞÝI )�ÞN̄
J

+GI J̄ÈJ̄U K̄
(Ý̃IÕÞÝ−)�ÞN

K̄ + c.c.
]

}

.



F-theory interpretation

The F theory lift

T2→ X
á−→ B ; T2 = SA ×SB

M/X
SA−−→ IIA/SB ×B

SB−−−−−−→
T−dual

IIB/SBT
×B SB→∞−−−−−−→

SBT
→0

IIB/B ≡ F/X

Varying axiodilaton ; D7 on S ⊂ B

ADE gauge group G

X
res.−−−→ X̂

exceptional divisors: Di , i = 1, . . . ,G .

Coulomb phase of F-theory



F-theory interpretation

SF
3 : LEEA of F-theory on X ×SBT

from SN =1
4 /SBT

SM
3 : LEEA of M-theory on X̂

SF
3 ≡ SM

3



F-theory interpretation

4dN = 1 sugra

SF
4 =

∫

dx4
√−g

(

R − 1

4
Cij

[

ReäF i
ÞßF

jÞß + ImäF i
ÞßF

j
âãê

Þßâã
]

−2KF
TÓT̄Ô̄
∇ÞTÓ∇ÞT Ô̄ +V + . . .

)

,

where Ó = 1, . . . ,nc , i = 1, . . . ,rk(G ) .

3dN = 2 sugra

∇TÓ = dTÓ + imÓA
0 +XiÓA

i ; mÓ :=

∫

SBT

〈∇ImTÓ〉 .



F-theory interpretation

H1,1(X̂ )

Generated by eA = (e0,eÓ,ei ) where:

e0 is the PD of B

eÓ, Ó = 1, . . . ,h1,1(B ), are PD of ‘vertical divisors’ DÓ of X̂ ,
i.e. DÓ = á−1(Db

Ó ) with Db
Ó a divisor of B

ei , i = 1, . . . ,rank(G ), are PD of Di

In particular we have:

h1,1(X̂ ) = 1+ rank(G ) + h1,1(B ) .

Vector multiplet duals

(M0,A0)→ (g33,g3Þ)

(M i ,A i )→ A i

(MÓ,AÓ)→ TÓ



F-theory interpretation

Intersection numbers

∫

X̂
eÓ ∧ eÔ ∧ eÕ ∧ eÖ =

∫

X̂
ei ∧ eÓ ∧ eÔ ∧ eÕ

=

∫

X̂
e0 ∧ ei ∧ eA ∧ eB = 0

∫

X̂
ei ∧ ej ∧ eÓ ∧ eÔ = −C

Õ
ij KÓÔÕ ; KÓÔÕ :=

∫

X̂
e0 ∧ eÓ ∧ eÔ ∧ eÕ .

and:
c1(B ) = kÓeÓ|B ; e0 ∧ e0 = −á∗c1(B )∧ e0 , (1)



F-theory interpretation

Fourth cohomology of X̂

H4(X̂ ) = H4
H (X̂ )⊕H4

V (X̂ ) ,

such that

H4
H = H4,0 ⊕H3,1 ⊕H2,2

H ⊕H1,3 ⊕H0,4 ,

and

GV = NÓe0 ∧ eÓ + ÑÓ ∧ ẽÓ + f iÓei ∧ eÓ + f ijei ∧ ej .



F-theory interpretation

M-theory kinetic potential

K̃ = ln M̂0 + ln
[(

1

6
M̂ÓM̂ÔM̂Õ − 1

4M̂0
M̂ÓM̂ÔM̂ i M̂ jC

Õ
ij

)

KÓÔÕ + · · ·
]

.

F-theory limit

ê := V−2→ 0 ; M̂0 ∼ ê
3
2 ; M̂ i ∼ ê2 ; M̂Ó ∼ ê0 ,

keeping up to ê
5
2 , in addition to shifting:

(AÓ,M̂A )→ (AÓ,M̂A ) +
1

2
kÓ(M̂0,A0) .



F-theory interpretation

M-theory ÊAB

Ê00 = − 1
16

(

NÓ − f ijCÓ
ij

)

kÔkÕKÓÔÕ ;

Ê0Ó = −1
4ÑÓ +

1

8

(

NÔ + f ijC
Ô
ij

)

kÕKÓÔÕ ;

ÊÓi = −1
4

(

f jkKÓijk − f jÔC
Õ
ij KÓÔÕ

)

;

Ê0i = 1
2k

Ó
ÊÓi ;

ÊÓÔ = −1
4

(

NÕ − f ijCÓ
ij

)

KÓÔÕ ;

Êij = −1
4

(

fkÓKÓkij + fklKijkl − ÑÓC
Ó
ij

)

.

Comparison with F-theory

Ê0Ó = −1
2
mÓ ; ÊiÓ =

i

2
XiÓ ; ÊÓÔ = 0 .



F-theory interpretation

Four-flux in theN = 1 M-theory vacuum

GV = gV2
(

e0 ∧ eÓ[2M̂0M̂Ó − (M̂0)2kÓ] + ẽÕM̂ÓM̂ÔKÓÔÕ

+2eÓ ∧ ei M̂ÓM̂ i + ei ∧ ej M̂ i M̂ j
)

.

Setting g = V−2gf for GV , 0 and finite implies:

ÑÕ = gf M̂
ÓM̂ÔKÓÔÕ ; NÓ = f iÓ = f ij = 0 ,

implies:

Ê0Õ = −1
4
gf M̂

ÓM̂ÔKÓÔÕ ;

Êij = −
1

4
C

Õ
ij Ê0Õ ; ÊiÓ =Ê00 =Ê0i =ÊÓÔ = 0 .



F-theory interpretation

Comparison with F-theory

No 4d gaugings

Non-vanishing circle fluxes: mÕ = 1
2gf M̂

ÓM̂ÔKÓÔÕ .



Conclusions

Summary

Masses at theN = 1 vaccum

Effective action below the susy-breaking scale

Consistency with F-theory interpretation

Future directions

More general F-theory duals

3d non-CY M-theory vacua, minimal susy

Explicit examples



Thank You
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