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v Motivation:

@ M-theory: An unique set up

D.o.f. spinors ~ o[ 727171 d.o.f. of bosons ~ p-(D). So
there is a maximal dimension D.

Supersymmetry representation of physical theories singles
out especially two cases

e Eleven dimensional supergravity D =11 v

e Six dimensional superconformal field theory

The action of eleven dimensional supergravity was found
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K-K reduction

® G2 manifolds: To get N/ = 1 sugra in 4d, look in
Berger's list of special holonomy manifolds. Beyond the

generic cases, d two entries

o (vi)d =T7: Hol(g) = G, Go-mfld, Ricci-flat R;;(g) = 0,
N =1 covariant constant spinor; ¢ associative 3-form,
x( coassociative 4-form. v

e (vii) d = 8: Hol(g) = Spin(7), Spin(7)-mfld, Ricci-flat,
N_ =1, ¢ Cayley 4-form

That is we get an unique K-K compactification,



supposingly unifying non-perturbative String theories

® Yet many questions:

e 1.) How to construct compact G5 manifolds?

e 2.) How to geometrical engineer the ones that yield
interesting /' = 1 supergravities including the standard
model 7

e 3.) How to calculate Kaluza-Klein and M-theory
corrections to the effective N' = 1 supergravity action?

e 4.) How those relate to other N = 1 vacua: heterotic,



F-theory, Type |l orientifold, Flux ... 7



v¢ Constructing GG9 Manifolds
® Structure theor. for SU,, and GG holonomy mflds: To

address 1.) recall the more familiar N = 2 situation of
CY manifolds X (n = 3)

e (iii) d=2n, n > 2: Hol(g) = SU,, CY-mfld, Ricci-flat,
Kahler, N. = 1 for n odd, N,. = 2 for n even; w Kahler
(1,1)-form and €2 hol.harm. (n,0)-form.

Existence Theorem of Yau !

Kx = —c1(Tx) =0 — 3 unique' g with R;;(g) =0

1Given complex— (2) and Kahler structure (w)



Controlling K x is trivial by multiplicative properties of
Chern characters. Take a Fano variety such as P" and
X,,—1 as zero locus of a degree d hypersurface. Then

_ Ch(T[pm) B (1 -+ H)n—H B
Ch(TX) — Ch(NX)— |+ di —1—|-61(TX)—|-

=1+ [(n+1)—dH+..., ie.

c1(Tx) =0« d=(n+1). Strategy:

10

Cl(TX) =0 %1 Rij(g) — O, (sz(g) — O & 7T1(X) fm) —

Hol(g) = SU(n) — N = 2 4d — susy



Remarks:

e Slight generalisations P" — P5_ with (A,,, A*) a pair of
reflexive polyhedra, yields 10° families of compact CY
3-folds and 4319 non-compact CY 3 folds.

e Similar as above one can define a non-compact CY as
X, =P"\ {Pi—p+1(z) = 0}. For an easy example think
of n = 1, then X; = {S5%\ 2 points} ~ cylinder,
which clearly allows a flat metric. In higher dimensions
Tian & Yau established the existence of a no-where
vanishing {2 — trivializing Kx — together with a
boundary asymptotic, so that Yau's theorem still applies.
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(G5 structure manifolds: G5 is a 14d simply connected
subgroup of SO(7). Geometrically it arises as follows. 3
p € A3 (R7)* a 3-form on R7 such that

BAX,Y) = (X A(Yop)Ae (1)

Is a positive define bilinear form with respect to an
oriented volume form. GL(7,R) acts on ¢ and Gj is its
fourteen dimensional stabilizer group

A (9 structure on an oriented 7d manifold Y is a 3-form

¢ which is Vp € Y oriented isomorphic to
ATYY ~ A% (R7)*. Via (1) this defines a Riemannian
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metric on Y

BsD(va YED)(aﬂpa SR 787|p)
vol,(O1|p, - - -, O7lp) ’

QSO(Xpa YED) —

VOlsﬁ(al‘m Tt 87’19)9 = det [Bw(ai’pv aj’p) (81‘2?7 e 787‘29)] '

Theorem Y has a holomomy
HOl(gg;) C G iff

dp = 0, d g, 0 =0 .
Hol(g,) = Go iff m(Y) is finite.

e Note the non-linearity in harmonicity condition for .
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e A harmonic GGy structure ¢ is called torsion free in the
sense that the Levi-Cevita connection has G5 holonomy.

e "Strategy’: Show existence of torsion free ¢ on Y with
7T1(Y) Is finite.

e The first part has boring solutions: Yy, = X x S*, with 0
the angl. coord. on S! one has torsion free G5 structure

1
o = YdOAwW+Re(2) , *xpy = §w2—7d9/\1m(ﬂ) .
(2)

But 71(Y) = Z and therefore — SUj3 holonomy and
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N = 2 4d supergravity. (v € R)
® The twisted gluing construction

— —

Alternative approach: First compact examples

constructed by Dominic Joyce (1994) as Y = ﬁ/\G
resolutions.

Basic idea of the twisted connected gluing:

15



e Construct two non-compact Calabi-Yau 3-fold as

discussed by Tian and Yau, called X r, where L/R
stands for Left and Right

e Construct two product 7-folds Y, rp = X/ X Si/R,
with the “trivial” torsion free Go-structures g 1/p.

e Each X1 g has a K3 called 57,z removed.
e There is another canonical S}il/R in Ns, » C Xi/r

parametrizing in polar coordinates |z| = €' and 6* a disk
Dp/r € Xp/R-

16



e Glue Y; to Yy to obtain Y so that

—a) ¢y r/r extend to a torsion free Gy structure on
Y. This requires a hyperkahler rotation on the K3
boundaries

— b) the infinite m(Y7/r) becomes finite (m(Y) = 0).
This this achieved as in the Hopf gluing of two solid
tori here D g x S7,p to an S° with m(S5%) = 0.

By the structure theorem Y is then a manifold whose
metric has the full G5 holonomy.

Let us visualize this as good as we can:

17
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Figure 1: This picture illustrates Kovalev's twisted
connected sum.
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Gluing the asymptotic regions: Before the K3 is cut out,
one needs to remove its self-intersection [S%] = [C].
That is achieved by blowing up along C'. The asymptotic
region near the K3, that Is cut out, has hence a simple
form, called asymptotically cylindrical Calabi-Yau 3-fold
X>® =8 x AU with A% = {2 € C||z| > 1}. In this

region the Kahler- and the holomorphic 3-form are given
by

dz Adz
2207 _Z Iw5:7*2dt/\d«9*+w5,
227 (3)
1d 2 e e
QOO:—’)/— QSZ’Y(dQ —Zdt)/\ﬂg.

w — 7Y
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Here (wg, {2g) are Kahler- and holomorphic two-form of
S, z = %" and +* the length scale of A%l Let K be
the compact part of X then there is a diffeomorphism
n:X* — X/K so that

n'w—w™ = dp with |V (e 7°¢)
n'Q — Q> = dv with |V (e

)

0,
0,

—M*ﬁ)

)

with A = min {vi*’ )\5} where the smallest postive

eigenvalue of V%. This ensures that one can glue the
asymptotic forms (3), which are fast enough
approximated to yield a torsion free ¢ on Y as follows:
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On the gluing region

Yi5p = X9 X SLp = Sir X AL g X S, we define
WSy = Wm0, = WimT VIR

Similar as in (2) we get then on Y, a forsion free

Yor/r = Yo/RAOL/R N <7L/RdtL/R A dfp g +ws) /R>
+71/rd0 R A Re(€25) ) + 1 rdtn/r A Tm(Q2g) SL/R r)

The gluing diffeomorphism: First we need the K3 to be
iIsometric with respect to a hyperkahler rotation
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T:SL%SR

rfwh =wi , rwp=wr, Twh=—wr .

Then there is a family (A € R) of gluing diffeomorphisms
defined as

FA : (927 tr, U%, HL) (HRa LR, uR7 HR) (eLa A— LR, T (u%)a 631

(07 /g tr/r) of ACLY}R ug  coords of Sy, and 0 of
Si/R. With v := v = yr = 77 = 7y It Is easy to check
that

Fypor = @or -



With X7 /r(T) = KrjpUnpp(Rers1) , Yo r(T) =
XL/R(T) X S}//R

Y = Yi(T) Ugyy., Ya(T) .

Kovalev checks that Y is a G5 manifold by establishing

that
wMR:aWR—d@@—TMU@,

NT (4)
O p = Qi —d(a(t —T)vyr)

define an interpolating G2 structure on Y7, as

Sr/r(7,T) = vdO NGy g + Re(ﬁE/R) :

23
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which extend to a torsion free (G5 structure on Y,
because the latter can arbitrality well approximated as

o(7,T) = ¢(v, T)+dp(y, T) with [V¥p(y,T)| = O(e™")
(5)

in terms of the norm | - | and the Levi—Civita connection

V of the metric induced from the asymptotic

(o-structure. Further
7T1(Y) — 7T1(XL) X 7T1(XR)

which completes his proof that Y has full Gy holonomy e



Fibration Structures: Y7, p is K3 fibrations over solid tori
TL/R — Slll/R X DL/R

SR — Yir
TL/R :

The gluing of two solid tori 17/ to an S® induces the

fibration.
Ibration oy

lw

S5
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® Examples As we already mentioned there are 4319
examples of non-compact CY-folds X constructed in
weak Fano toric ambient spaces. To easily establish the
iIsometric map r : S; — Sp one needs the technical
condition of (semi Fano),
which leaves 899 P, for which A contains no codim
2-points lattice points. The latter have different Kahler
cones, so roughly one gets 10° x m, examples, where m,
is the gluing multiplicity of order O(10).

They have to be distinguished by their Betti numbers.
Using the Mayer-Vietoris sequence of the gluing map one

26
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gets these topological data as

H*(Y,Z) ~ (k; ©@ kr) ® (N, N Ng) ,
HY,Z) ~ H*(Z;,Z) ® H*(Zp,Z) ® k;, ® kr ® N, N Tk
® NrNTL®Z[S|® L/ (N + Ng) .

Here S| is the Poincaré dual three-form of a the K3 fibre
Sin (Zy/m, Sp/r), L~ HX(Sp,Z) ~ H%(Sk,Z). The
inclusion pr/r : St/r < Xp/g iInduce maps

prr H (X1 R, Z) — L defining kernels

kr/gr = kerpj‘:/R, images Ny g 1= Impz/R and the
transc. lattices 17/ = NL/R {leL } ,Np/r) =0}



Orthonogal gluing examples:
W = N+ Nr = N; Lrp Ng. Building blocks

No. kN —K3 K e e’ b3(2)
0 2 2 1\

MM273, K62 (Fano) 3 48 2 0 2 0 —4 50
2 2 0 —1
0 2 1\ —1

MM253, K68 (Fano) 3 44 2 0 3 1 —4 46
1 3 =2 0
0 2 1 —1

MM313, K105 (Fano) | 3 52 2 0 3 1 —4 54
1 3 -2/ \o0)

Table 1: Data of low rank toric terminal Fano threefolds.
R generated by a vector of length square —4.
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The formulas for the Betti numbers simplify for the
orthogonal gluing

bo(Y) = tk R+ dimk; + dim kg
b3(Y) = b3(Zp) + b3(ZRg) + dimky, + dimkr —rk R + 23 .

bs (Y. ) MM275 MM255 MM31; K124 | MMI12;, MMI10, K221 K232 K233 K247 K257
MM273 | 122 118 126 122 | 120 116 112 114 112 118 120
MM253 | 118 114 122 118 | 116 112 108 110 108 114 116
MM31s | 126 122 130 126 | 124 120 116 118 116 122 124
K124 122 118 126 122 | 120 116 112 114 112 118 120
MM124 | 120 116 124 120 | 118 114 110 112 110 116 118
MM104 | 116 112 120 116 | 114 110 106 108 106 112 114
K221 112 108 116 112 | 110 106 102 104 102 108 110
K232 114 110 118 114 | 112 108 104 106 104 110 112
K233 112 108 116 112 | 110 106 102 104 102 108 110
K247 118 114 122 118 | 116 112 108 110 108 114 116
K257 120 116 124 120 | 118 114 110 112 110 116 118




v< T he effective action

® Homology and Spectrum:

Massless four-dimensional modes arise from the
coefficients in the decomposition of the
eleven-dimensional anti-symmetric three-form tensor (' as

ZAI /\wI —I—E:PZ /\,0Z Y)

In terms of the harmonic two-forms w}z) and three-forms

pgg) identified with non-trivial cohomology representatives

of H*(Y) and H?*(Y") of dimension by(Y) and b3(Y"),

30



respectively. In the paper further details about the

dimensional reduction of the fermions can be found. The
spectrum is summarized as follows

Multiplicity Massless 4d component fields Massless 4d

bosonic fields | fermionic fields N =1 multiplets

1 metric g,,, gravitino v, ¢}, | gravity multiplet

i=1,...,b3(Y) | scalars (S%, P') | spinors x*, x** | chiral multiplets ®*

I=1,...,b5(Y) | vectors AL gauginos \! vector multiplets V!
Y oY

Note that on a smooth (G, manifold there are neither
non-abelian Gauge groups nor charged matter.
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® Kahler potential, gauge kinetic function,
superpotential: The dimensional reduction of the
Einstein—Hilbert term and the three-form tensor C yields
the four-dimensional action

1 KIJk
Sher = o= [ |+ Rs - SFFT A sy P! — PERT A FY
Ad 2/@21/ TS 2Vy, ( " )

0

Y (3) (3) - '
3) A 3) (AP A s,dP? — d
QVYO /YIOZ *g(pp] ( s >

in terms of the four-dimensional Hodge star x4, the Ricci
scalar Rg with respect to the metric g,,, the reference
volume Vy,, and the seven-dimensional Hodge star *7.
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From this we can derive the Kahler potential and the
gauge kinetic coupling matrix

- 1
K(6.6)=-3l0g 5 [ 0nu, ¢) )
fri(o QVYOZQb /w[ Aw§ /\/0]({>—2VYOZ/‘JIJ16¢7
(7)

as well as the superpotential

W(¢') =

4VYO/G/\ (C'+1ip) .



® N =2 and N = 4 sectors: Note first that the Kovalev

construction implies that there is a scale 27" + 1, which
seperates Z;, from Z;. Taking this scale to oo one
roughly expects the spectrum to seperate into sectors

local geometry

multiplicity of N' = 1 multiplets

U(1) vector multiplets

SU(2) holonomy

(Kovalev limit) | U(1) vectors chirals multiplicity | supersym.
Y, =87 x X dim kg, dim k. dim kg, N =2
SU(3) holonomy

Yr =Sk x Xpg dim kg dim kg dim kg N =2
SU(3) holonomy

T? x S x (0,1) |dim N, NNg|3-dimN; N Ngr|dimN; NNr| N =4

34



35

® T he Kovalon: More precisely one has to define of
course complex A/ = 1 neutral chiral moduli. We identify
two universal moduli: v related to the overall volume and
2 related to the gluing parameters so that

Re(v) = v, Re(s) = vb .

Here b ist the squashing parameter of the S°. We refer
to the chiral multiplet s¢ as the Kovalon, as it describes
in the limit Re(s) — +00 — while keeping Re(v)
constant — the Kovalev limit.

The remaining real moduli fields are not universal and
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relate to the non-universal neutral chiral multiplets as

~

Re(¢)) = vS?, Re(¢') = vbS" .

They depend on the topological details of the building

blocks (Z1/r, S1/r) and the choice of gluing
diffeomorphism.

Analysing the gluing maps allows e.g. to determine the
leading order dependence on the universal moduli

o w+

. \3 .
K = —log [(Vg(S)) (v D) e+ 23+ AS, v+ 7, ¢+ R)e w03

Y

where the coefficient of the exponentially suppressed



correction Is expected to generically depends on both
universal and non-universal geometric moduli fields.
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38
Transitions between (G, manifolds:

Generally one expects in M-theory on GGy manifolds
gauge symmetry from codimension four singularities,
charged matter from codimension six singularities and
chiral spectra at codimension seven. We can realize the
first two phenomena on the building blocks using
essentially A/ = 2 techniques. Our implications are that
there are Higgs transitions these sectors which are
compatible with the gluing diffemorphism and lead to
genuine G4 transitions.

Abelian Gauge symmetry, charged matter spectrum:



For the semi-Fano threefold P we pick two global
sections sy and s; of the anti-canonical divisor — Kp.
However, instead of choosing a generic section s, we
assume that the global section sy factors into a product

S0 — S50,1°°"S0n

such that sg; are global sections of line bundles £; with
—Kp =L ®...® L,. As a consequence the curve
= {59 = O} N {s; = 0} becomes reducible and

smg

39



decomposes into

smg — ZCZ 9 Ci:{SO,i:O}m{Slzo} ?

where we assume that the individual curves C; are
smooth and reduced. Following ,
we construct the building block (Z*, S) associated to P
by the sequence of blow-ups 7, ¢y : Z* — P along
the individual curves C; according to

1P = Blg,Ble, ---Ble, P .

.....

Since the curves C; and the semi-Fano threefold P are

40



smooth, the blow-up Z* is smooth as well. As before, the
K3 surface S arises as the proper transform of a smooth
anti-canonical divisor S* = {aysy + a1s1 = 0} C P for
some [ag : o] € PL. By blowing up a semi-Fano
threefold P the resulting dimension of the kernel £ —
defined below eq. (6) — is

dimk = n—1. (8)

The three-form Betti number b3(Z*) of the blown-up

41



threefold Z* becomes
b3(Z%) = ) + 2 Z g(C (9)

in terms of the three-form Betti number b3(P) of the
semi-Fano threefold P and the genera g(C;) of the
smooth curve components C;. As all these curves C; lie in

the K3 fiber S, the genus ¢(C;) is readily computed by
the adjunction formula

1
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with the self-intersections C;.C; in S.

Locally the singularity looks near 7 1([1, 0]) with
t = 041/040 like

8071°°°807n—|—t8120.

In particular near the intersection locii

Z,;j — {t — O} M {81 — O} M {SO’Z‘ — O} M {S(),j — O} It
looks like conifolds, which are from the asymptotic
K3 fibres at «g, a1 # 0 involved in the gluing. This



yields the following abelian gauge group

with matter whose charges are determined by the
intersections X;; = C; - C; and as displayed in the table:
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Multiplicity N = 2 multiplets N = 1 multiplets
U(1)" ! charges multiplet U(1)" ! charges multiplet

n—1 (0,0,...,0) vector (0,...,0) vector
(0,...,0) chiral
Xij (O,...,—I—li,...,—I—lj,...,O) hyper (O,...,—I—li,...,—l—lj,...,O) chiral
1<1<g1<n <0,...,—12',...,—13',...,0) chiral
Xin (0,...,41;,...,0) hyper (0,...,41;,...,0) chiral
1<i<n (0,...,—1;,...,0) chiral

Ta ble 2 The table shows the spectrum of the Abelian N/ = 2 gauge theory sector arising from the conifold

singularities in the building block (Zgjng, S).

Higgs Transitions:
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bQ(Ya) — bQ(Yﬁ) —n—1
bs(Y?) = by(Y¥) +2 (i jcn Xij) = 3(n = 1)

Non-abelian Gauge symmetry, charged matter
spectrum

Let us now turn to the enhancement to non-Abelian
N = 2 gauge theory sectors in the context of twisted
connected Go-manifolds. Let us assume that the
anti-canonical line bundle —Kp of the semi-Fano



threefold P factors as
—Kp = L@, . .@L%%  with n=k+...+k, (11)

where £~Z are line bundles with global sections 5y;. Then
the global section sy of —Kp can further degenerate to
S0 = 518}1 oo 51885 and the singular building block is of the

form

1 ~k ~kg
Zsing = {($, Z) c PxP 04080711 s SO,S + (X181 = O} ,

(12)

with the singular equation in the affine coordinate t = i—(l)
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given by

ol S +ts1i =0 (13)

As before we assume that all curves

Ci = {50; = 0} N {s; = 0} are smooth. In the vicinity of
the singular fiber 7=1([1,0]) C Zgng the singular building
block (Zsing, S) develops Ay, _i-singularities along those
curves C"; with k; > 1.



Multiplicity N = 2 multiplets N = 1 multiplets
G reps. multiplet G reps. multiplet
s—1 1 U (1) vector 1 U (1) vector
1 chiral
1 =1, , S adjsy (k) SU (k;) vector adjsy (k) SU (k;) vector
adjSU(ki) chiral
q(C;) adjSU(k:i) hyper adjSU(ki) chiral
1<1<s adj s (1) chiral
Xij (k;i, kj)(—l—lz-,—i-lj) hyper (k;, kj)(+1z”+1j) chiral
1<1<g9<s (Ei’l_{j)(—li,—lj chiral
Xin (k;, kn)(+1i) hyper (k;, kn)(+17;) chiral
1<i<n (kbkn)(—li) chiral

Table 3:

G = SU (k1) X ... x SU(ks) x U(1)*71 as arising from the non-Abelian building blocks (Zsing, S). It lists both

The table shows the spectrum of the AN/ = 2 gauge theory sector with gauge group

the four-dimensional N’ = 2 and the four-dimensional N’ = 1 multiplet structure. The adjoint matter is determined
by the genus g(C~Z) of the curves C;, whereas the bi-fundamental matter from their intersection numbers Xij Within

the K3 surface S.
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No. |p| Gauge Group | N = 2 Hypermultiplet spectrum [h” cf|b; bg kF
K24, [2|SU(3) x SU(2)|2 x (adj,1);(1,adj);3 x (3,2)41|50|14|79 43| 4
MM34, xU (1)
K32 [2|SU(3)? x U(1) |(adj,1);(1,adj);3 x (3,3)41 5213|7940 5

K35, [2|SU(5) x SU(2) 2 x (adj, 1);(5,2)41 60/22|87/49| 6
MM36- xU (1)
K36, |2|SU(4) x SU(2)|2 x (adj,1);2 x (4,2)41 5417|8144 |5
MM35, xU (1)
K37, |2|SU4) x SU(3)|(adj,1);3 x (4,3)4+1 54|12(79 37| 6
MM33, xU (1)

Ta ble 4: The table exhibits the N/ = 2 gauge theory sectors for some smooth toric semi-Fano threefolds
Ps, of Picard rank two and higher. The columns display the number of the threefold Ps in the Mori-Mukai and/or
Kasprzyk classification, its Picard rank p, the maximally enhanced gauge group of maximal rank by factorizing the
anti-canonical bundle, the N/ = 2 matter hypermultiplets, the complex dimensions R’ and ¢ of the Higgs and

Coulomb branches, the reduced three-form Betti numbers b% and bg, and the kernel ku of the Coulomb branch.
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w¢ Conclusions

e 10° new (G5 manifolds
e universal moduli, splitting of spectrum in sectors

e abelian and non abelian gauge symmetries with non
chiral matter

e (v, transitions
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